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C

t ~ ①
⼀另 , τ

-
☆ 「+ c

t

xr -x② rer
⼀

xi~③ tC

~

@ 0.
× C



rove
的 !

principeal Aans Theorevon, LinearTorausformaton

Auy Qf in 2 unubushestsperpendicmar prmupalate E ortheghol tronsformation

2
. Ortrogmal Diagolicathn thm : pop : < s , j >= ∠T π

, Ty
>

Any QF conbe pepressed asAxtB 22 in a scertablecooydinate system
= Txl1 . (Tyloso' iyJos θ

013 T omyphiesPAT
→ Reflecton

ey (y ) = D ( Y ) ←) D = [ d:)
九 (
-3 - 九 1

Xz→
- OL

paT → obT ; ⇒AaiE2 Bx,xnt ∞2 p
'
= [d ] [ y ] =[间σAa- -axztcxi p
”

∵ [ 0% ]
∴

“ E所 .

2
.

counterdodeoise rotathon .

Corolany : Ary QF can be srersedin the"nemalform. [
oso -

sinoino
s
0 ][ y ] =

[os
0

-ssinoamatyao ]
→ xi

"

t λ2
t

,
a .
= x 2

"

,

- x
≡ xr

'

,

x 72, x 2
"

, 0

l [ : ] = [
s 0

]← Gino
_

Gax
,

' t … + f =0 .

x = ( !
)

⑦ , = ci ,

[ P ] = [
si

的
。 ]

ef x
'
-ryty =

1

√ x =( i )州

(“ 千 E
"

)(
2

= 1 书 y
'
= {i )



LT : c 《 ) .

死
stretching :

TC E, TEi ) = ([ ,

⑪ ) (
a "

品
an
) = ( Ean →Ean ,

Ean + ran )
,

T( E , } = 2资 勗TC 管 ) = 5 E

1 × 2 2 xI Projeetron
( a ) TCE. ) = 0

」

τ = CrEi + CrEz

Tc)=E….
Tai) ≈ Ca[ E ( tbE2 )

= ( 1 (台) 后
=T⽔ Ez ) 劝⼀

= b , Ez

Tci ) = T (台 )π 后 )(

prejerrou : ( 3) 2TEE ) = ZEz
= ( E, En ~ ) (

“

品an ) (台
」

ismgeofR " erunder T
⼀

( 42 2 ⼗五 2 × 1

T ( Er ) = Ei2

-
iste subopauR - Er

c" = G 1 C 1
+ G 1 zC 2

= (
结

, ] ( 台 )
Cr = ai . C . + G 2zCE

↓ π
coordinatesso To

heed 2 krow erctos to

ineesely Chlonlete T



openatousLTcinRn→ R
2 )

( ∵ % ) ( d ) =
(cb )

1 . Additiou . T . :→ w

& ave CT Couucas
Tii -aarmuctipicatron V W ⽐ w

Them c , T , + C 2 Tk :
R
= -RR

Propertiesi
presens LT

Def : ( c . T , t cr 2 ) cτ ) ⼩ [ TZ 。 [ π]F [ [E ] 0 [ [ ]

mn- " … m…

+ … {

”幽= ε rT , c
δ ) + C 2 Tzc) ( 2 ) ([[ , ] , [[ r] ) , - [ T 3 ] = [ T , ] C [ [ 。 ] 。 [ T 3] ) assocratinty

u 3 ) I = C 6 ! ] identity matsix
[ I ] , [ T ] = [ T }

计下们
(

“ 品) [ ]
=(”品

[C . T , tcuTo] = C
, [ [ , ] + c 。 [ [ a ]

A , limeer thansfornatson T :
RI
- 3RR3 incertible

if buse easts a S : R
=→ R

2

st, SoT =IO习
Zevlprojeetonsmartaixisinvantible

⑪

2 . empositiom losttoomuek inforometion

下、 后

K
“

→ R=→ 经题

→ lemme: [ T ] = [ a
上

d) Then[ T)isinvertible , iff
[ 20 T ,

i →Tics→TE (T <δ ) ) det (τ T ) ) ⽜ 0

[ T ] - [ T ]
T

= [Id]
[E 0 T ,

= [[ z ] . [π ] Yad - bc
Ex : ( φ b ) (☆ ) = (( 9 :) ( ÷)

.

( ↑:)
) [TJ ' Y

:ad -
(d )

[ T ]
1

- [ T ] = [ Id ]

= ( 号 % ) 九

⽐ ≈hCad
Aer He r

wd belome propoutronel
Bevelop matne sunitprarteshekls ε=ab

ten
e "

%] [ q ] ( ε) ( d )



determinant
:

Ex ; rotation

aveas of parelle logranJovnedbybass vertos
TJI = (

so
-

sinosinooso )
ruvet prodoaetXi , Tx2

~

) =< * , yy
orthegnel trorasfor ration :

presene { length [ T ]
t
= (

a 0

so -
sa 0 .

sn 0

)
Ax 1⼼m ;

angle

let 及
2

be eqhipped uoithhtrestandard innerpodvit

Q :

l
<rt , ≈> = 1 µ| . N } - S θ

. A bans 9 层 ,点 } Borthewonl if武品 30

常 + y=
1 → x

^+y
三

1
.

0 Evi>
=

VIWUiHUWW 2=Cw , wz ) ( 台 ) =Cr ( vz ) (☆ 。)= Et
-

v =it w

λ
' = =

( ÷ )
g

'
= y

。 [ i ☆ ] etrtofsmnce anxe .

t rotation

cg .(☆ 0 ) → (战)… ∵
[A ]

↑

ij =
[ ∞ ]
ji .

I ≤ iEr T ≤ j ≤ lm

an ∠

roe
ot aiftet gu

Bef , A lisneartransformaGon T :
RR
- →R
=

is orthogaeL

if for any
E, ☆ GR

2

,
ETE ,

TE >= <G,
ws

Prow oyOTiseirsteyoeton orotatb

prop : let fei ,
ez} be an ONB ofR

2 ↑ er

⇒ Teill = soe "s

snouttaluenteane
f

.

let T ; R
'
-3 Rr
b 就a limeattrarans and ET

)

tle matsixforoaoonit( ei ,
e

} → E 1 e 此

tlen Tis on oathogmal trows iff [T ]
+ = [ T ]

t
,

⼼:。
。



I . ortheghaltreusfommatiore pf: For
anmy

2 vaetors τ ,
≈σ R

=

≈= [品) W = [品 )

<τ
,
≈>= Cv , vz) ( 品 ) = cviva) ( "

^

) (品 〉

1 . 1 Axioms o veetor spae
: 22

-lineer in both sbt

。 inner prodact : C - 1
- 7 { 。 <N ,

m > ≥ 0

<T τ , τ≈>= [T ])(
t

- [ T ] - 可(
0 syoncnrthi " c Cu , U ) = E

U , ☆ )UU , NER
2

Byaxiow : A例
T = BTAT

0 T : R
)
R2 is an orthogual trans of

RC

if Ua , U
ERi

, Cu (
N 7

= < Tu , TV > = τ ET]t
-

τ i](1
① prop :if T : RE→ R

☆

Breserves lesfth .
i .

e . ( Ti |= (☆| Ue , woRz
tenCo1 ,

07
=

Tau , v >

leoumar , Let M be a 2x2 mabix
, if for any

τ
,
≈ ER

)

,

pf ;
'

polaricarionzy
we hane It . an . ≈ =

0 then H = 0

=⇒ Cu + v
, uer )

← < Tcuen
.

Tcuta》

M=O E3 Uv, wER
2

, 2
t

- m .

w≈cums wrin) tclirsd =CTu,TistETuihenIKTuiTy
—— amv 7=TuTus

pf; IU= Cmsomnmadmzz ) if M is oot ree .

⇒atleastoreertryof M is rom eeo

1 . 2 .Befsepreous
say mmf 0

1 . } propertnes let τ= [ ! ) ≈= ( !
)

① Girea an orthasermalbasiscei ,er )
them It - in . ≈= Ci 0 ) [

m " .

bmminin ) '(t

am orthotoranal
f
,cansepresented, = ( 1 . 0 ) (品 )

as [ ] : [
a " “

aacz} ⼆ m 1
"

'

se thet
, ginea aveetor (品 ) , In faltmij=Cit: mej Ylows mijo Vij
Ti = [品

,
a … ] (品 )

{ ,
ne θ= c δ

,
ω , - < Ti , Tw >

② prop : [ T ]
"

= [ T )
←

:

=τ
t

. Ic 品
- τ t . [ τ ]

t
- [ τ ] 品

(
aa" "

m .
aaz ) (

a "

aaan∞ ) = (
6

) = τ t - ( I - - τTJE[T] ]古



By tleprewiowslevmma , ve have I 2 - [ T ]
t
- [ [ ] =0

⽐ tatoa : A lWrear trocousforouaton prescecs

2
.

det RLa] = s这 - sono)( -s,n θ) = 1

〉 orieutatiom iff det 70

reftoetias
1

×det ( 1 ) = - 1

Ax ,o …

← for any TE
OER

=

)
2 .
2 .

s 别pecicalortbregonltzossformertion det [ i] =± 1

SOCR
^) OCRYE

proof : 1 = det (I 2) = det ( [T] t - [ T ] )
at -tat-

⽇

1
"

dit (= [ τ ] ) ⽐t ( IT)。

← Aiom ;

det ( A . 13 )

= def A dtB

detA = det At



Complex muncwber s , Fcndameutal TheorewofAlgebra:

Axiom , i Jl as one of the soutironto
x

' +ti1
let fca ) = EH + Ca +

- En
"

+ Cr -C
- Eu

-L

+ … + Co

↑ se a alegnee npolyrouralerere Cic ¢
Fuas.wtens …-1

Then fca ) has tn .solertionsCcoentedwcthshurtiplicsties

Def : az= tbi 1 a , bER
. rowtipir} : f( z ) = (E - Ei }

m
"
+ … + CE - Er )

M
,

mi
= lintgey

ReCz ) : a
Im [ E 3 =的

Zi aue histiuct

洲 14 … eVur
= 江

prop : 1 .add Imltirees .

2coujngaton
Z = atyi

Z = atbi
2
ito -ii

= r -
e

是
Ʃ =

a + bc - i ) 平和=2zE 才州 Coso t isinθ

2
.
已 , if heaveginen a deg2 polyroawtal oroh real coeff

⇒ zw1 z☆=tww = ( = 1 (ω l

fcx ) = X + CaX + ∞ . GLOER leiθ|= 1

im teqationfx ) e somtns has z

ompoxsowtg
tuyaeom ompex onjugate .

U = ei θ= s θ tisiw w = xtyi
u - w = osotisinoy ( xeyi )

围⼆平 = osDx - sin θg t i ( sid θ xtos θy
)

=

ag<θ z ) [ θ=θ← r☆ )

= X + Yi⑪ … … … …

θ
= γ . os θ 4 j -

rs, zo w mwisotatomby ② ofu .

proof : CiD =

s θ+ isin θ Nore ganadly .

teayer expausion
onboth sirlE}

z . Zr = ( re
"θ )- creioi:e

z " w = kl . m | . ei
(θ ,
+θ~ )

=
(r , rc ) eiC

θ
(
e θ z )

ae[ tspscaton boy p wtates 90 Zn = rn - eino
z :rei③



hth roots of wnity .

Z = rceso- t isino) satisfies Zn = 1

⇒ γ
n
= 1 ⼼ = 2hk k = 0,

÷⼩ ± 2 -

(r = 1 )

⇒ E = es nktisinzak
,

k = o . 1 … m … 1

ex . n = 3

Os 30 + isin }θ= aS θ 4 is红 θ

θ= 2
环 k

θ .
= 0 . Z = I

θ z = 现 E = os ~ + isinw

4NOs⼆

Z = os z
2
- isin 2 .

compexoots comeinojuget

Papf: = zn + a ( z
" 1

+ - an = E - z)
m
…
( z

-

Er )
^ r

Pa)E " tazn -←an . f -

czzi) … cz-zirjr

Z
1
+ … En = - a (

⇒E
'
+

Pz + E =
0.

E .
… Ea = ( - < )

^
an

Z ++ E -
= - P

Z +^ E - = q



Simlaowtytreausformations

可 = 个分 A
"

TA is tre matrixoftre

π= Ax
1

T thet sends π→ 可 ·

可 = Ay , T
" π roy

”

Tπ= Ay
1

A
'

TA and T are simicer

的
'

T * = 可-

'

"trelated bya fiheileerityraarsforoution
"

,

A " TA
* " = 可



ChassificatonTheorems

1D descrine treoypesofalowed' ThesBRonkTheove.
2) pirlea roroolCcarronical 3 form ,

wuch is Yi = b 的 i 可
1 t bi -yct +bimyn

G representativeforeech class xi
=

Cji π,
+ Cjz hz t

… + cjn an

{ ) a odcassificationtherovemprovifthoteachojat
in X is eqwivalent t exacthy one representertole

srototype
Ex 1 : 数2 = 1⇒ x

^

ty
≡ 1

(品= [ ”
“ ……

… 点 ]愿了
xy
= 1

Y = x
2

↓
∵ LA can be used to studylccassify systems of 10

… 0

linearI guradraticeqn .s . [4

!
= a " Yt … tamXn ∵ :∵…

yon = am . X 1 t
… AmmXn

. r = rank of the systar
Q = qux

2

+

q 1 = x , x 2
+ …qnnXni



3 , TheInertiaTreorerm

Q can be expessed as

3
“

+ xi
=

+ - - +λ ,
β

- λ pit … - pptq
|≤ PtqEn

p , 9 inertraeeffitierB
L ooosstangtiminate



1 . 4 4 IHewrems of Ʃ 的 .

0
.

describe the eqccaivabence alass 1 . 4 . 2
,
Rank Theovew .

1 . 4 . 1 . hotiratem : CCaesficeathm
x /~

o Trausformetin ( Gmwp : haveatibe) : G
,

I an equivaleaceclassanbedescribedas amodeletemeat rankPrewiser

0 Bes equiralence aftet traasformntiom
e .g . { emiccures }

aeuu

G ≈ x ⼆ { eclipses } U { parmabola} O { myperbea }
Ex T .R →
klank
uasungmcarngtrayintgimioums—

;
G * x →xa δ U× x≥

y

= 1

ClemerB t -→ ( 2t . 3 t )
inG & X

TuoClemeentsh , y EX aveeqcaivaleant , if trare
「 ( 炎] = ( ⾼ ) . ( x }

eaits St G ,
sechcot gr x = y (E) x

-

g
"

.

y { Y (
= y ,

reclemoteIwry
Y 2 = 3yi

- y2

,

lx =
x

0 For a systeom of oceared.

结品
bef , Ay limees

eqm of tee fomm
z :1
y .

e antie
" ta

thfnanrxit
… taunan

y = A π wher y = (☆) * = ( 装 )

con be siuplified oy a

"

chege of vamabe
~

可 = 在 ,
x

= c π

(
… …

箭
……

) 信)“( ) Bis maomcisnoymertibe mvertible .

so thet

π= ( …
:

" ) * uh
、菇= x 。

n
“ {

r
: xr

Yw += a

:

丫 m = 0



1 . 千分 ImtiaTheoreir
upto lineer transfoumetion

1 . 4 . } . 到wmotivation

⑪ π= A π
,
A EGLCR

" )

Smap的 of funations : f . cx , yD = xity
=

hxm mvertidlematrices

fhu * ] 1 = x-

yfhcxny1 =
- x -ye

ff
:

QC π) =π
t

. m - π

= A)(t
-
m . A - π

gucedseetie = π
t

- At . M .
A 不

≈凯 = π
t

. Λ发

Def( 4 . 3 . 2

N =

(
"

…

i
…
…∴ )
n的…"

…

Enun a quadratre form

Q [ π ) = π
t

.

M π

“
()↓

Compaunson.

1 . $ . 1rauk :

inprnt ; g = Ax

(
… an)

want ttfind 可 =ByGul … Gua

symime σ
ic

* = C*
aij = aji

BY = A - C*

eg axi
'

+ bmxz + Cxcc
π= β

"

A - C ⼥
= ( x " x^ )

(

品 ) (☆ )

= ( x , x ) (
台

() () rank Casier cnr canChoogeB R C

= ( xx ) (☆
c) (台 ) ☆

inertre can

ony chooce
A



1 . 4 - 4 . Ortlogmal Bingo. licatlon Theorem 1 . 4 . 5 Jondan horoual form :

Bef : Given QL* 3 = 第
t

. {u - π T : K
"
→Raf:Gim

findwont⼩ AE OcRonthnghel gwmp
y = ⽇⼥

= { M E GLEm ) | mt - m = I} final CI Change of bcasis ofR
~

= { IM : R
"

→ Ra | amom ,
amos

= Cv× v > } x = B ⼥
turERn

可节B
号 EGL ( n )

sto if ume set π= ⽇ - ⼥ s . t . tleaqur⽐ m in ⼥
, 本家 B⼼fi转

theay 5
t .om , 第 =

⼥ E
( At . M · A ) * } -π= AB ⼥
⼀

Λ π= B
”

A . B ⼥

⼀

N= { ^ nx:
an…… . ) α 、 ≥λ r ≥λ …λ n

3
是认

leatable to Inertle TM
.

(
"
…
a )l…
(
"
):)…∵∵

model ine 9lass is alse affid by operotons alloved .

Λ oas 'stsofblede diegond matmices
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(
*
*

×

x
):
.

←Jowenbioaw



reve on Jondancacosnnel .

Th Eeycarstant oefficvent systeonof
nlinear 1 stoderO

Gibu ; x >= a " x (
t … tGuXm in n maknowrs Can he transfornedbya oumpoxImeer charge of cooads,

:

n
= au ,

X 1
+ … … t a mnXm to exaetly one of theJordaasysteusof m .

t
… tme = n

Allomed , Xi : C π .
e … + cimn

in= Cnix + … - Can πm

J⼊f
*
…

a

…

:) ← JroonBlok

aij , cij ε ¢
A squommetix

M BinJodonfomif M =
(↑
'J
02
-

Tar) | M = sJstTudon
Example : Sigleuthondarlirear ODE Thm vi : M square tles Mis pmilan t some Jondan formmarixJ

筑 - ⼊ l(
"

y = 0 ⼊EE

set y = x " ,t -*)y = xx ,Ct - λj ' y =λ3 , …({ t - λ
) …

y = Xm
txy( my .

= 0 =⇒ Jowlean

al最 xegnyeo → … pober
λ 1 =λ & 1

+ X 2

×r ^ λXa + k } sgstem[ 1 ⇒ Jondom ad ofien

!

: 1「

wl egenvalve λ .

筑
…
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^ “
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Chapter 2 :

B - A ( inpy“

( )⿏
1 .2 . premise :

tzanspose!

A : nxm onatrix [ anannamJimanmaar 2 . 2 . determinant

AT : man matrx

lan
…

anan!
. Bef ' A : man matrix [

… … 简

…
a …
]

仔) ij = Aji

det ( A ) = 否 ECo) - aiocn ad 6 c y -
- Gn 6 Em )

ESu

permutatr: tcesup of

2
-

1 . 2
. Thotrmetonexaoples

of { 6
…
,

n
}lerments

↑ s可{
a permutattnof { … ny is abijectn

i L→ 6 ci )

→… □同同开切品! :
6 :

{ ← … 的 } → { … }

略
-

σ d

岗回 □
⼦⽅

6 ( ( 3 =☆ 6 ( 2) = } 6 [ 3 ) :∵

mumber of peruutaton of sire onisu

驪 藏* lis
*

lenyth of permutation.
L( 6) ≥ 0 integer

1 . 3 . 1
t

geometric al def
1

A = (i ) B =
(←☆ ) o () 品

… ∵x
LC 6) = # of pairs ci . jl that swapordarng1 icj and oi

, ≥ oci )

⼆ # crossnfs
E miniomum numberofelementoyswappinf o obtan 6



Ex : 6 = (∵)- 燃

0 等L < 了 = ⽅ ( 123 )

Ruk ; L ( 6) ≤ ( 台 ) -ecmy 加 和 3

② Tmre nexacty 1cement 6 E bntlut ( ( 6
) =
M(n 1 )

C 213 ) C 13 z ) … 1
⼀

+10 )cLeeue1 「 Se 3 sl

ε ( 63 = ( - u )
( 6)=

Bef : {
- 1 L < 6 ) odd ( 23 1 ) ( S ( z ) - … 2 ⼗
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0 (
123

)3 到⼭。 L( 6 ) =0
,
ε co) =

1
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( 3 c )

/ S 23
…
… } ⼀

1

: ( ∵别ss、 = m

" 品

3②↓
L ( 6 )=

1 . ε co)= 1

了 only 2 LC 6 ) = 1 peruntuton .

“ ( 品 ): ss ( {0 ) =| ,
近 ( 0) = - 1 ⼀

saple traanspesithn

. 6(
资

) 兕
LC 63 = 2 Eco) =

1
。 0① , 0

B 测def 1
:

mEC6 ) GroiDa 2 c )品
1 2 3

。 00← For each sumnand
- 6( ) ☆ L ( 6 ) = 2 { ( 6 ) = 个

。
0 ⑩ eahrow I columnappeas

OUe

. 。 6 (品 ) ≥ Ec 0 ) =13
( 123 )

.ε : acnia…ac

⽌
0 0

( 213 )
⑩000000



prefdel = altermete def' ① det (At) = dot A
n }

det (的 ) = ⾔ Ec 6 ) A , 6 c) A 26 ( 2) A 36 ( 3 ) ② , Iatercharge . any2
olumnswouldchangesgn

⼆⾔ E ( 6) A 6
-

i . n , Ao [2 ) Ao3"32
A = [ ai , ar

,
… anJ

c

,
wapariwthaj
⼀

6 6
-

1

det ([ π ,

a
,

…

,

π n ] ) = C- 1 ) det [π. ,
品 … as , rea . …ai ,ajs

e

… 产☆
… 品].

3 3 台 Econ maiacinzacunntc
Lemma: if6 isoa transpositon Cij) tuen

:

661
= Id,even

, E[ 6 )= -
1

rename ②
4
- 6

ε 0 =ε 6
Y

( > ( )
123456时

= Ʃ EC 6
"

) AG( A 6 c212 AcC 333
冊 1

1 5 3 4 26

= Ʃε ( 63 A 6 cg . A 6 cr > 2 A 6 c) 3 6cij ) ⇒ (cij )
= 2(j - i - 1) +

1

= odd
,

∴ pemute yow= enute by olun ③ ,
det ( a

,
品 ,

… … ⼊ ∴i , ∴in ,

… an )

= λ - det (… , 品
,

… ∴it
,

Gi , Gie ) ,
… an )

⇒properties of det
.

for any MER

④ det C π
,
ar +
:

'

, ∴
3
)

= det( h ,
品

, as)+ det (点
,

品
'
,

π
)



③ , @⇔ detc
-.- ,

…

,
⼀) isammltiliuerfunc.tn ④ det (

⼊
⼊.io ) -吟⼊以

扣" Rnxpnx-a.ph → R N

-
ntactor

R以 ⼆
⼊⼼ (ii) ⼆ ⼊ …⼼(ii)

n
⑤
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pflip-putydtcAFEL-y6aoc.nl … aoc.mnpfzi 6

pemtnijaiiajtun-SCD-tiblecktrrangularmatnxsccise.io'

)mnrthbntc-ij6i.cn)
'""

N_n Ehpfmfc D
③ , 扒 叭 ⼊以

dtc.at
,
在

,
⼀ 品) aifc-o.tedetM-detAUDCorB~o.bythl ※⼀ ⼆ t= detci.at
,

⼀ 不 + ⼊东 ,

⼀ 去 )

ANHS-detcan-anjtdetca.ixg.sg.in) , m ǙfjcnaiAa (
"

7) - Ae ii
0

ii.it#F)



Multiplicatiorty B 的

R
"
→ R

"
→ R
的

. Poop : if A B ave nommatrices

then det CA13 )= detA)- (detB ) ⼼a
pf : det ( A ) , det ( B ) how wueh aeachange ?

= ot (
A

) }imem
oncel out B*

… i☆ rntsn …li州

↑

……(
…

~ (啦品 ) (燃州☆amty(

∞☆☆) = ( ynat( ∞ "☆☆
* = ("<

)

detCAB) -det(- In)=C
1 )" ,

C
- )I dUtCAB) , detCI )

)
2 = et ( AB )

3

熟
4
X # cry (

… …nmtr …

m… … on
,
… … n

= 江



1 ± 3

Ailmanananananananas

Applicatrn
:

,
6 , ↓

之 3

det
A

= 容 Ecos aionarocisas
62
is⼩⼥ 彝

= adzzaz 3
-

airad a 33 - a G 23 a 32
4

anais , t -aisaayamaz leuma let o t Som )
,
si be oa srmpletrauspositionswappfie

∵ ∵∵世
tam

L
= {lo .si)简
ifocicocie"

foci ) cocity

Sn" setof all
proof , onsider

ainy pair (j , k ) wthj < k

permutation group [uJ
= { . … …

n } . ifjia F li , it) then 6 j , c
6 lk)

giren 6 o . :[ n ]-→ [u ] ⇒ 6 si (j) < 6 sick )

6 a : [ n ] → [n ] . if (j , k) = ( i , i 1 ) 6 ( j )
< 6 Lj+ 1 ) )

I can ompose then
② 6 sicj) 7 iSicia]

620 61 : [ n ]→ [n ] e .

g .

1 2 3
1 2 3

i ∞ 62 ( bici 1 ) ☆5 ↓
Si 凶 ↓

2 3 1 ⼀ →哦ima ↓ 6 xmap of souts
'

f : A → B
gof ; A→ C

了
1 2 3

g : 1 B → C
↓

a sarJcfa) S 1
. gi = Id

,



Prop ; if Smhas leyth ( co 3 ,
tlem

6 ccan be ertten as

6 = { i
( 6]

… Si si
(z

wherei … i . t { " …
n - }

pf : pooogoy
indrectrom

Pf 例 p
>r

Obmiously , thestatement' strefor L ( 6 ) = 10

up pose the statement is tnue for adtrozetf1 -,

6 = S 1 r Srs bn
Andsuppose

L { 6 ) = K

Find a Si
.

suenthhat
L 2 3 1 2 3

L ( o . si ) = L ( 0 ]
- 1

= k- 1

thon by indvu ctron hypothesis

i 或

…… … …… …

…
…

*

×16 si )(
= Siky … si 1

6 = 6 si )'Si = Siky
… Si . Si

.

If w such si exists ,then 6 ( r ) < olit )ten 6 = id

whvich tre alrealy over



linees forrousffuaction 2
. Deterwinant

aci 3 = Gih ,azdrt t " anxn - laan ]刹 Juretion from atnxtorn rumbess of same field ofn
a = [a .

… an } π : ]
⽐ = R{ ① Bef 2 :Muck ) →

R
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“
→ k st

1
)det (In ) =

1

a <λ b + My ) = dacas + u cy) a
2) If B = A exceptrowi (B

) = C

-romiA)

them det ( B ) = c - det ( G )

] linearin earch

i 2 ineormap. Ann - tmpe of lincorforus an -an 33 If A , 13 . Careallequalcxcept row
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"

smkk row iCA 3 =rowiB ) 4omicc 3

tren det A) = detci3 tdetcc )

A = [
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…别a

…
.

Acλ xe uy )
= λ ACx) t uAy

)

4) IJ B arises from A by swappy toro rons

{ trer det ( 3) = - detcA )

puperty ;tejtncoumoff sjustAg
nertformy

exaupe ; Z = By y
= Ax Remark ; elet Cor) canbethink of asafuucton ofiowslinear
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K
"

skm B : cM→ Kr = def Cow (M ) , voowr (h 2) ,
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detC ⼊ row . cm ) + u wow can )
,

…rowrmp
Z : [☆的 ) x

B的 ; K
"
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= λ det Cou) trudet (ow , can

"
)

,
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rultilinear
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z巧Def y了⼀← ~ Arw identicalow 1s 0

σ
) if ove row is treaudtipleoforoterrow ,teen~
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d) m⻜⼼嘴 ) :[ 箭 ] +
[

" 点 ]
m ⽇ = 0 byc)
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Theorem : Umquenessofte
determinant
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∴ amaquendy o
or

2



cofadorThmiodltCAFAn.CI 1 + A12 C12
-1 " Acnc.in C 1st ww)

⼆ AnCntAucnt-An.cn 1 C 1st

colj.matmation-nAC%Daetcntaa.ba
cij ⇒ c :P

… … "

i i
ifcutcA) ≠0 . A

"
⼆ t (是 i)cnn.cm/aDeg.Aihxnmatrx

ingenenal.fr 1 ≤ i. , ⼼ , ueh.ae
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Suppheeet ;

Qwadratre form

lineer map
: f : V → W Q (x )= Q( x , x )=Ʃ qijxij .

1 ε i ≤ jEn

s
.

t .

fcutw ) =fut) f [ w ) λ qji = qij wmer j ε i
f ( cu ) =fe(

{结 … } ba以

linear form : v → = Homcv . )←F
qij = Q ( fi , fj ) = Q < ti , fi )

= 0ji
V
*

egc
a bans is Q - orth ifQcfi , fi ) = 0 . θ itj

bilinear fom 13 : U × V→ F -
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Motivation ;
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0 U = R
2

o define quadratic formI symetric bilinear form

< ( )( 谈 )》 : =
(* " ( ii ))←

-aytuayze
amey 。

…

we can ask ; for a gien vector π ov
.

what istresetofalleetors ,perpendicilartor
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, = τ
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dim

.
ector spae/k UU = w . er + … wuen Wick .
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哥viwjBij
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⇒
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FO
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⼀

B " ,
… BPp > 0 , Bpe ' … Pitp ' ……

…
⼀

p oray qmany

Inij ] = [ +++ …
.」

we callsuch Bofsgaatume ( P , q
)

By rescalinf { eiy ,ween make
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.
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Comphex canjugation on ¢ Ex : ↑ ZitC . we can defire tle std . ses- tineor fomm
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y , x 叫 ←R i εli Ʃ ⼆ r - iei θ
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=
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A
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= C

If V is a vector spare oer 4 , 0 Gu , S : √∞ v→①
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ic(1
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,
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SCE

,
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1
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iz )
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Let H bea hermitianform

U . WG H

UI W wr- t . Hif HCv , w )=0

V IW E3 wLV
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,
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.
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⼀

: Sco , v) = consourprexoujugate of it seve . 1
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=
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⼆修补的逻辑。
e

- g .

z = C
.a = ( 1 , i )
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=
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Let IH be a mxn Hermitian hatrix
Assume thut
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l : tlen q
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7detH = R ↑
det ( δ ) :

—

detac )
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sit .

spam f
-

. ) =

spance .
)

= v 1

span (fu ,fr ) =span ce ,
e 2) = U 2

:

and H (fi , fj 3 ∞ ifitj
H ( fi , fi } = ±

1

D = C
+

HC c = ( ≡) = [ htn
. . , ti.Hh

[州 () (州洲= (售别
claim OKCD ) andOKCH)heastlesames 'g

Let Dubetle upper left Kxk hathio of D
.

H …
simalasly

Cc …

detCDu ) =dot (Cct ),det (He ) -det(Ce )

- atccias , det (ca3 - det CHc)

= 1 det cCu33
-

dettHa)ls



* Differeat ertext of diagonelireton ⽐
, ( 只 )Q :

Ginen M
, find incertiblewaix A s. t .

AtMA is diagonal
Q 0

= Q
。

or AEMA ~ cot .

Q 0
. Co = ( )%

“

回
or AYMA ~

( ∵ ( ( )∵∵.
e diagonalize aHeruvitiamformH : vtU → C rebens .

findbasiseiens
. t .Hij : HLei ey ) isdiagonalired

Q = ( % ) x, xz.

( i) e

,r =

cei=ei
~

[ ] [ ]
( 1

, ) ( 9 )

[ei ] v = [er ] , √ V
= C . √ ,

τ之 = ( P )
~Q = ctQc…

Q =rtawwiw)

W = C .

W ei = ( 9 ) -

Ʃ
( i )

= Vt . ctQ - c ≈
= ( ÷ )

(i÷) ( i() ( ∵ )∴



[ ]
[

"∵( :

[彦 )[烧 :
)

[
*
)



Chap 4 . Eigen valee Probleson :

emenalG dfimition :Let Vbe avertor spaek
letI : V → U bea linearnap
VEV is an eigenvector of T ,

uith egen valre ⼊ Ek,

if TCω) = λ .U

To End Cu) = Homcvio)

七 Enlomorph么号m

Dream Case.

Gre T : v→ U
. I bassof V se .ensdowbees λ

… in s ,
t .

Tei = λ ei

Dream mary not betme
: C minor cases )

Ex : v = R ^
(

+0 ]=
" i Tu = wunwa

K ≈ R
1 X in the same divatin

This cau
'

t hedingoodired .

1

Ex 2 : |k=① t = ( ∵
.

)

om on mw oe agurmtr crldf Tca = iel
,xeimen

imnry .

x tind anl ome
.



Herwitian veetor space : Cauchy
- Schwarziner

striiangeinl

v : vsle . H vxv → C tHeranitianforry Notation : V : n -dimcoeplex vs .

6
Bositice defimite

δ , atl

. ( v ( |== Hcv ,
v) ↑ : V → R

≥ 0

C
13
:

VoU →C Hermitian form
s7 . ,Uw

3 =AucouiwU ,xEC

tupe. (

v , c -
.
- > ) positheclefiuite . posrtle definite :UtOE 3EV , w >>0

.

√
⼀

omplex vector space with herurtshan forom env
, lol = dcuus lengtnog
u '

"normogv

C . sing : Gien V Uw ov .

( cuwo |^: luP -iuk

Pf ; ( vl = 0 ,

or | w |= 0 , tren< ww>=0 √

If Iul , lwl fo -

we can define

δ= % 1 w = Cleyth 1 )

( < vw >| '
E

ψ 1 P
,

( w | P

)10
器

m| P ≤ 1

→ K品:1 M σ R

ε> < i
, w" ≤ 1



siruplifyretaton . ts v of < d ,

,

Triangle ineqmaity
≈ —→ ω .

lutow | ε 1 u l +ul

出“ v = v
, + v+

→
Ctiseon in U .

(=) ( 0 tw |
2

≤ (llt ( w | )
=

Ui1 = < w , V 7 Vv

(U+σ 1 rtw
>

E3 P
+

lm ) ← atmpeztiluy…
Vd = √ - <w , v > w

2 - Re <win
7 ↓

Ineleed
, Cw , wƩ ) = CW

, U - W , v >ω 7 = ) Recv ,
w) ε lotull | kwiw >| ε | v 1 - 1 u |

= < w , √> - 〈W , v > { w
,
w )

= 0
m

:s ω l = 1

cw · w ) = D⽐

O ≤ <√ L ,
√ L7

= <√ d
,
0
- ⼊w

= CVL
, v >
- <W =

,
W )λ

= < v - λ w , √ 7

= Cv , √> - E λ w ,
√ 以

= 1 - ⼊ . Ewv >

= ( - πλ= 1 - 1 λ|
R

( ⼊E⇒ 1

cwiusllifor
r

anyo . n

uth W 1 = 1 1 w |= 1



letVL - i )be aHermitian v . s . Baby exampleief ideatificatonof v mth V
*

⇒a oinB {eeny
⇒I isomorphism setheen let V be a vaterspae

overp

( v , c , 3 ) → CCn
,
a

-
i -
'sdl

egU = R 2
,

eqhip R
2

outh std
,

C- - 3
Eucdidean prosderet

C 2 ,
w 7
std

= Ʃ ziwi Foreach VEVwecondefine anelement h 0 Ev*a
i =

1 ①√ ( w ) =cviw > WEU ,

Z = (E… [ n )

w = ( art … wu
) R rector spale .

√
. Thhisgpes amap ofset U

→

V
*,

0

d

V = Viert … tUnen L → ( u
… vn ) isomomplarsom

v | P
=

Ʃ villi pf : ① irjertreniapi = 1

→
sendy w to KenEU

*

) xdose
info ,

Sinicary . for U hermitren verter space .

v→venauamapgs⽐
s 压

v → φ v = < v , -
→

wry rot c -
, ~ ?



suppose ψ 0

= C- ,
r )

.Adjaint mqp :

( 0 : V → C )
Enilen a Wner map of

heratraavectorspace

A : U → W
ω L) EW 1 v )

⇒ A
* : w

*
→V * Cadjoint mop ef

⼗thu' sψ risrot a① -lineaarmap
.

dualspacel↓ 画 r

ψ0 ( λ . w) = 5 -

fow )
⇒

w V→

AYA *

tro anti - Clinar form ws W
*

cancels auta is not C - lineer
.

but anti t-limear √←→ V

Ψ c∞=φ v ( trare A
*
=At )

亚 ( i … v ) = i φ v .

unvov ,wowfinyproputy of

点⼊( = πφ v aw , Av > = CA
*wiv

…
.

concretely , if A : Cn → cm

↑ ↑

hermitham wertor spae
.

matntjhs

then A
*

: cm → Cn
.

has metrix ( At) .j
= 前i



Norwal Operator :

Ex . A = C

'

→ (
2

Let C v , c

. - s )beahernitianvs

A : V →V G - linar
mpp

A = ( " )
ve say A is nermal ifA * comonunte wth A; A

* = ( )只
<= 3 A

*
. A = AA*

⽇ A
*

V → V → V A
*

A = ( ! φ ) ( ≈ )
⼼

A
4

A = ( 台 )

Ex .

If A
*
= A A ' ssef -adjoint AA*= ( ∵. ) ( !

0 )

A is rermal .

= ( ≥ )

if A
*
= A

"

A isunitarypenatur Xrormel
A is rermal

A
*
A = AA * = I

. A * =
-A . A is skew odjoint

nermal



spectralthm thm for Normel operator ③ . Wat is also invarsaat under A IA
*

Let A : V→ V lineer
mapofheroustiamvs

,

Then A is normalE 7 雪ONB{ e
… en} s .

t . Indlton :

Aei = Diei supposethe problem soeed for

pf : sletch : A is represented by
a diagionel matrix √

'
= wxt

, A
'
= A |

wx
=

A = (
^

"
:xn )

a
* = (

")
AA
*

= ( : (
ani )

Find l agennahe ⼊ Csoltodetca - xz )s
⼀ ; v⼼rk in C

- pobyhemnlhassoots
.

f ergenspace , Wa = { v 1 Av = xr }
≤ Ker( A - λ I)

invariant wndermultiplication bY A



A bstraet vwergion : Concrete wersion .

. V: canoplexvis, ftofdivon n .

e s -
1
-

3 : pos , lef nermitian forom on U
. √= ¢

n

2- ,
- → : U × V → C

.A. V → U ¢ tirear operator
< C 2 … 2 u}

, (
w 1 ,

… wn) ≥ = Ʃ W + Zzw+ -tznwn

A
*

: v → o aojoint
0 A : nxn matrix urth entries in ¢

CA
*

is defined sit . UV
. vI GU

)
giun z = ( 笠) ε a " , appy A ∞ z 0 get Az

<√ 1 , AVs > =<
A
* Vi , V2

>

. A
*

istte hermitian enjugate of A

.

A is hermal
, if [ A , A

*] = 0
. A i 3hormalif AA * =

A
*A

A , B : V →0

[ AOB - BoA ] [ A , B ], eg . A =
[ A " A

" A 2 A 2 」 *
=
t =[ 磊简

mjJ[ Cimiey
ThmC Speetral Thon for mormal operators ) ThomC cencrete versnon)
A is hommal←) 雪 a

ONB of U

If A is an non matrix sit . [ A , A
*

] = 0
,

censist of ergen vertors forA .

tlen tereiexist a unitary matnx U s , t
.

/

U
*

AM is drag onel



Couneetion :

from abstraotto oacrete

. Find an arbitharyONBfor V ,{ een } suppose er = eio , fi = ei
θ

w
-th nethy to f with A ) then cer . fi 7 = e

- i 0 "

, ei
θ=

= ei (
θ a - o . )

cei ) allows one to identify 出 : U -
n
>4 - -

… 5 , e . )
eico - θ z )

< v 1 , ω 2
)

0 = < 亚ω 1 )
, Ψω 23 >

cn
presetung ← - ,

- 7 e (
= fi -

ei
θ{= )

ei θ=
ei θ=
-
eili~ .

-θ

eio = eitoiozs = <f
.e
7

0 Let { 5… fuy be another ONBfor U , s
, t .

A [ fi ) = xifi λ icC e 、
=

< f .
, e . s . f

1 v = cf , vof

If cei ) is an ONBof VthenUVEV

thn caiien = cf… t"

(☆∵…
⽐
*
=µ-
1

ei =Ʃ< fj .

ei点 i

uis also lemitary V = { e . , wse 1 t … cem
.
v 7 en

Lemma : ifCei) 品 ,

( fi )FIe ONB for U

ce … en) = ( f,… fn)

䉭ton e - enffu ) MwwthlU a wniteray natrix
ε fm ,

ev
7 0

Ex : V = C

□☆
unj = <fi ,ej >

, (
u

* )ij =ji
= Gi, ei ,

e . ONB 3| e|=
1

( µ - µ
* )
ij
= 品 Miu (u* )j

f. ONB (=) ( f . 1 =
1

er = f 1 ei θ M= eio u
*
= e

- i 0 .

←
= Ʃ Ʃ fi ,

ek > Cex , fi 7 =< fi ,j
k = 1

Uu
*
=

1

[ ( w , v > = aW 1 竞
( ek, v > ek ) = ⾳ 〈 ek .

v
, ≥ .< w . ex )

⼆爱
Cw , euscee

,
v 7



Proof of spectralthCrm abstract ) step 1 θ want to find an eigenvector Cactually agenspaj

Ais malsher 雪 aONBofV
if A . v =λ - √

ton A - ⼊·U =0 .

ansitofengenceetousin A i . e .
uE KerCA - aI)Crantk-

nucwy)
=⇒ det ( A -λ2 ) =0

Solve det ( A - λ I) = O

"“ “

品( degree n polyromial in x

: vorlary in ¢

operator . AO map toitsebf . ∴
.

影y Fundamentol thon of Algebra .

f : A → A
I factornication det ( A

- λ I )

= C- [λ - λ . ) … (λ - λ n )

pickonesointodet CA - λI) = 0

say λ= λ 1篮∵c " )
= {V ← v / CA - λ2) v = 0 }

thonwetwa =KerCA -λ2)

let wx
+= { ω ← U | ( w . v >

=

0
, Uvow }

—…
"



② A =

A
*

pseserce W
⼊

. U VE Wa
, re

needtosow AVEw ⼊
. A
*
U EWD

AV EW⼊ ←3 A ( Av ) = λ .Av)(

≤)A . ( λv) =
X . Av √

A
*

V ← wλ E=3 A - CA
*

V ) = λ - (A
*

V )

[=7 A
*

Av = α A
*
V

{=⇒ A
*
(λ v ) = λ A

*
、 √

③ . A and A
*

preseres Wx
=

Suppose W E WIt , ten Aw E Wat
,
and AYw Ewat

AW E WX
+

(=⇒ Ur E Wx , Cv , Aw > =0

<=) VUEW⼊ ,
< A
*
V , W >=0

.

tths time
, Sine A

*
V E W⼊

, W E WT

A☆ E WI
*

(=) EVEW ⼊ , EV , A
*

W > = 0

<≈) UrE W⼊ . < Av , W ) =0

: AVEW⼊ , WEWX
∴ this olds ,



From R - v . s .

to Gu . s ,

.Compexificatiom complexify inner prodect
R C→¢

. V 4 UR C→ UC
Rm> x bet Vk be a R v- s

. of drm 是 n

R
"
ns En 1

relefine Vo 「
. ⼈-

,
- 704

,

hain
时
ONB

of UR
x (→ ( xii+ 0 )

w* y
)

xov } as ONB of VC
Ra v←~

⼀

cxy) VKVk ↓ ←uc
as aset

m
bet E = at is

, a , bER

then v = xtiy Evc E . √= (a + ib) ( x + iy
)

e In one vord: complexificaiou of U ' cuth"

= (ax - by ) + i ( bxtoay ) baris Cer … en ) is to cellow C
- oeff ae ,

t - cuen

, CiG ①

R - ueetor space
' r = k

,

c .
,
s :portucafpinite

fimuniman <√ N ≥ > 0
,
Vi F0

space
⼀

symnetire bilinear form on √

ω
*
→ V

*的
*

. γ ; v → W 正1 ↓上
A * : W → V adjoint map

w … …> √
.

T oncretely ,gienOnB of v , w
,

A
*
= At J



Thm : Let CUK
, E
-

. I ) bea real vector space heed to start from R
Let CUc

,
c .

-

s ) beitscamplesificaatiom to takeoupexonjugate .

suppose An : VR → VK is a roromal opevator

[ AR .
A } = 0

Then
, its coupex ificationAc : Vc →U 4 has

ergencieetors in UQ

i . e
.
I ergenvectorsof Afe en } Cvc

that forms a OB of VC

e if ergenvalve XiER ,
then Xi is alsw an eigenvaluse

and if ei is e .

v . Aei = xi - ei

tean a is e . v . Aei = xi - Ʃi

e - g . (
"

0" ) = A

det ( A - xI ) = det (
*

-x ) =0
≤) =t 1 =0 λ= ± i
, λ= "

(
+- i ) v =0

→
tulearjugate .

A = i

v = ( i ) δ= (!i) .



与 : v × U → R

⼀Def 、 B ( x , y ) = xtBy = 感点 xjbjiyi

mp
- 5- kiep'

lenegon s -itatBtAB
,

B = (( " )… (
n ))

sitineerformOur R

:

- ineer in both slots

、

、 syumetic ←) A =AtI
B ( xy ) = XtBy

Over Ch antilinerinIst , lineerin
znad .

Csesquiliner ) 、 Herun'tian (=) A = A
*

、
( x , y)

=SC XEBY = x
*

By

B ( v , v ) > 0 UV
positve Befinitebef < ⑪

po 1D , matn4 : xtAx 70 , θ xF0



「

Differential Eqeation :

Ex ; ( 以 毙 = 0-

solni xt ) =oust
want to solve unkro wh Junction : f(x) / xct )
- ODE : function with one vamible.

(2 ) 毙 = c.

- PDE else . 筑
solu x( t) = Co + at

↑

1
lineer OPE : equation involinfony xct ) , xct ) x( t)

(3 ⽐ = t)f
ot x ^ (t ) x

^
(t )

xct ): St fctidt' + c

nen- lineer ODE : ex : dxt = xt )
=

= S占 Jcs )d + xcto )

( 4 ) x(t) = × ct )

soln : xct ) = cet.

= xct. ) - et
- to

毙 = x ⇒ X = dtE) d[ lux ) =dt ≤7 lax = t+ C E3 x = et
+ c 。

↑ Cor d ( ( nx -t ) = 0 .

= eo.et
d第 = *d

1 nx -t = C ) ≈



(5 ) xct) = λ^ ct ) ( o ) 毙 = xtt
*

Soln : d
哔 =xt

xct ) = uct )ettymn
⼆ 3 毙 = dt

⼀

*td(武 “ 加上 ←
- newenkorown funetion

{=)
dc- * ) = dt

dcuct )t = uctyet + t

E3 - * = t + c
u = uct ) riet + µ . e

t
= u - et tt

rwet = tx
=-

ttc
1

)=

-

c - t)← w = t - e
- t

suppese t
= 0 , x =

1

=⇒ C =
- 1 ⇒ x = 卡t

u( t )
=

u ( t 0 ) + Sfs . e
- s

. ds

出 …i
= C + fte

- tat

separationofvarmablesk:

x and t on tro sides
.



unkrownJumetn: x . lt) , xrit) x 1
= c .et

eqmeatrosns :

1
i 1

= F . ( x , x , t )

() .

为器:{ sola {
x 2 = cret

xz = F = Cx . , 加 ( t )

stilL ODE cuz
xi =器 xz = 器

。

uithh initial ouditon to = 0

{
* = xcto)et

a … "… ☆剖

∵famarfire λ

X 2 = XaCto ) -et

functon inputpeson
fusther away

ivnitral
B 2 ⼆ 2 .

↓ f⼼
"

fsusamt
!∵prana

.

if wehae bowndaery oanblition
xi = E

⼀ {
xi = 2+ tl

λ z = I + 3
, t



"

⼗⑥amo
,

州 integhal cerve Cloim : gereralsoli = Ci sol ,
+ C2 - solz

所 ( → 筑( 俗 ) =
(

%) (% )

{ solmi
① { x 、 = osct) xi = -sint = - x 2 c→[ ☆ - ( 0

%

) ] ( 品)= 。
xi = - 加 …qwm
π= *

…

ome

x 2 = sin (t ) xi = ost) = *

openatoronfonctiou

{
x .

= -sinctawtire
"

( ⽐☆ )(芯 ) 0?
⇌ intle kerrel ofoperaitosutensae
⇌

r -

t⇌…

∵

…C. additon of soluton ore stall inkarnl ..

)(( 燃癌,dsol 2 ,

1



General ex :
,

☆ (炎) = ( ) ( 炎 )ms, solin
: nadial metron outhand

☆ (π) = (
0

i% ) ( 皆) ~, 出⑩ odd ball ⇒ speetel thm

Xi Xz = oust coujugeteeigenvlues .

☆ (说 ) =( 品 ) (贴 ) ~→⼗⼼“∴☆
☆ (☆) = (λ) () ⇒

{
x ÷ eita

x 2 = e
λ ctcr

sinct) =
Ʃ
eit - e

- it



靠 xct ) = axtb .

← lineon ODE ( ) = ( ( ) (才: ∵⼩
t

⼩

「 onlyLiveerteroan
Pinertibce
matixonstant

& censt terra

appelr

x
2

e .

special Ex : ☆ xt) = x (a ) ~≈ xut 3= cet ☆ ( ☆ ) =☆ ( cx(t )) = C . ☆ *ct )

λ E G = C - Λ xct )

dt =
*

- →xx xct ) = c - ext
= c . Mc) ( yc )

☆ (嘴 ) = (
* …

∵* …别 (简 Solury steps : start unth ty = Ay
① , try

to drag onalireA as

[⇒ t X .t =
λ . xict)

A =

CK C
”

{ :
③ , Then we hore

dat Xuct ) = λ nxnct ) { x (t )
= c

"

ytx= xn
⇒ xkct ) = CKD

λut

=⇒ x
= ( ciemnt

☆ * =Λ x

ddiagoed metux , lambde .

y = ( c ) (
e 幽

…



Ex : A = (
0

% ) (
0

∴) = (
∴) ( "

i

)
( ) ☆(∴)det AAI ]= 0 haracteristic poby rodrnal

(=) dt
(

* * ) =-=+ ( =0

A
c n ct

λ = ± i (
“

品 ) at (
“

品
)

=
⼀

fom λ= i (∴ ) (;) = ( : ) ☆ ( 炎) = Ac 炎 )
oe soln ( Y ) = ( i) ← 0 .

( "
- i ) ( i ) = 0

set ( %) = C . ( 台 )

for α= - i

y)( = ( i ) ← v . tun ☆( π )= ( ^
-

i ) ( ☆)
=⇒ x 1 = Ci - eitAv "

= λ 、

YAvz= λ= Vz
x == C2 . e

- it

A ( ( ") ()= ( (u)( ))( *品 ) ( %) = (
“

∴) lcieetlet C = (c) , (v 2))
AC = CA

A = t ,
ctn



what if A F CNC
-

1

can
' t be diag oneliced ?

eg A = ( 。 )

☆ ( *) = (% ) ()

{
xict] = xet )

XI (E ] = 0

λ= (t ) = Cc

{
x ( ( t ) = Cit + c"

one can alwaysreduceanquation about igleroreer dievivates(t)
k

Techique :

to first order derrvates,attre ost of
introducef

morevariabcg

E⻜ F = ma

C = m . (t )
=

xet )

X ( ct ) = xut)
x (t ) = C <7

xz ( ε )
= it义

{ *器c



standerd A : tranecate othrer into A
. A =

(
…

。

…

: ) won

E* 筑 ( 品) = ( xu + ( % 》 (谈)—Jmaup

肯 x =AxxG = ( λλ。
'

) ( 炎)
“

↓
Nilpotent

☆ ( * ) = A ( 总 ) 毙 π= (λ+ N) x

xi = λ 2 Reeall ;

xi = x 3 (E ) ☆)
"

x , ct)
=

0

☆ x = xx ⇒ x =cextlasiercase ;1 i☆= 0

xmi = xn hardw cose : tx = ( "
:"" x ⇒ xct ) = t

^

" cn … + t+ ctC

Goel ; renweX on tre aciagonal

Xit ) = t
1

Cn - 1 t
… t - C

. tC 0

Soln :

( *) =

set (
e

∵

exut) ()
xzt 3 = xi = …

π= ent act )

Ty todkgoulne meto into eiter itot or
. t ( eλt . u) = (λ+ N) - (e

λt
,

µ )

tx =λx λ . extu+ e ^
tw
= nextut N - ext

.
u.

extii = CXtN.u

⇒ µ= Nu .

Solw
a s saale tosubstine x



In senenal ,if N =
(

00
… 。)

☆ ( * ) = x + nn)C ()anbesonmdJm

( * ) = e
λ t ( 装 )

☆ ( 装器 ) = (
:
: ) ( 器)

(=) ☆)"
µ
, (t)

= 0 .

<=7 , Mc lt) = poly monnd of
dregue n - 1



Jordan Decemposnton
Tumi 1¢ r blecles . λ iFλj

,

- 3A =

(品。),
. A , nxn matrix ≈

⇒I inertibematoC it, A = C ( *+□□dn
,

c
"

Ns
^=
(

0

品
。

)
N
;

'

=

0

N .
= (. )Nz = ( % % ) Ns

=

(。 ) er( N3 )= ( ( : ) σ c " | s (总) = 0}总
pf : step 1 : how to get λ

, … λr )

(
∴

。 ) ( 总) = ( 品) = 。soletequatin det (A -

λ I) = 0

= span (e )
get ergenvalvedeompositor
det (A - 2) = C

. (λ - a…
…
cx-aujne

lercas
2

) = { ( 点 ) | s ≈ }
For each root a , ne can defineseeralizedcrgenspag = spah ( er , e 2 )

⼀

wai = KerCA - ai
)

ni)
( ercas' ) =wm . v :A-ay }

Ex . A = (
3

3;0)。
=

B . zd + N 3

det (A -

λ 2) = (
3 -×
z-

×zy,0 ) = ( 3 - x)
3



E× 2 : A = ( 宫 :号
0

) = ⼼
B

. Now A lwai has ony eigenvane ai

ut (A -

x 2) = (
3×

s-

×zyi0 ) = ( 3 - x)
3

A - ai )( | wai is nilpotent , i . e ,

A - 3 = ( 00 。 ) A-3
)

( ==0.
→

i
0

A - ai )l lwa)(
"
=
asuftivent high poner

Ker ( A - 3 )= span ( er , e 3 )
Ex

. of Nilpotent matrix , of ize n .

KercA -3) 43

回” …

reguarnitpoteat

if NF
0
, N
'

≡ 0/ N
"

0
,

Concousvon ; If A : non metweI ¢ N
"
= 0

,

det CA -xI ) = CC x - ai
} m

"
- .Ex - anM.

← xresulear
wai = Ker ( A -ai)

m)
。()” nlp .

N wilpotent (7 CNC 1 np ,

sinalcer transfovcnaton
N
"
0 ←7 CNC)C koecause.



Jordan vorned Foom IIk . invakiant :

o Charactesticporymoma 1 Ton :
√→ V

Let k be any field ( Q , C , or Fr)
let V be finite dim vs , oenk .

λdet ( I - T) = λ^+ Pix
^ "

+ … + Pn

let T : V→ U G LCV) n : = dimeV

we want to classify T up to
"similantytoransformation

" T determinat for a Wheropereter
A :

U→√

T and 4 similar if a v
←V inertible tronsformation

s . t . T = C . T -

c
1 0 Bicte any basrs en … en of

√
.

teen A beceme a matrix s
' t .

U →→ V Aei = Aireit … Ainen

↓ c ~⽔
=

-detiA)Edet [ [A ] )
√→ V

, if ctoose a diffevert borsrs ,

Equivaleat to :

say een tlencorrespondey matx

of √ [ A ] = C [ A ] C
- 1

find nicebasisat .
T 'tookasdiagond os poseibe

"

tous dotC [ A ] ) = tCC, E" ]
= det cc) - detcc )"

,

dot的

= let [A]



0 Assume Xo Ek is a root of the characteristic polyrosuial since teeyareall swbospaces of V fimte dim
.

ie
.
letC λ 。

I - τ )=
re kraw for cetacin m

,

Define :

.

IJ X E V satisfiesawd a 50 Ker ( τ - λ
)

m) = Kerc π -x
) n

")= x
: =

Tx = λ 0
. ×

teon
s is ein eigenector of Towthcigernvae X 0

↑
root space for λ 。

0 Kemal Cλ oI - TJ : eigenspace of T uwith eigen wove ⼊ 0 .

µ x 0
: = im CT- λ 。)(

"

)
:: { × o 0 | Tx = n 0 x }

. root space ( generaliced eigenspace) of eigenvane 1 o

coumndn 7 -XoI :operater v

→OandF - x。… …

if ( T - λ . 。I
)
kx = 0 ,ten(T - λ 。

2

)
+ 1x =T - x( Fλ
。☆ 。

KerCCTλ I ))Eknccr-ozjk )c…rx—



Lemua ,. wTo aadW ⼊ o aue T - invamaut ③
, Recall for any

linear map A : v ( → V .

, wno Λ u 9 o
= { 0 } dim VI = dioucer A t lim imA

e V = W 2 。 ④ ⽐⼊ 。

CT - λ 0
I)
m

: v →pplythis to

Bf : ① If WE W ⼊ o
. teen T - x0)

"

v
=0

.

T- λ 0)(
以

( T ω]= T - CF λ 0 z )̂
v

=
0

. odim V =dim wno tdimu

IJ VE U ⼊ otren 雪 VEV , s .
t .

o Beeall for any 2reetorswtbspae
U . ,
VzCU

v = ( F x 0 I]
m

. ≈
dim Cu , tvz)

= dimvi + liom v
2
- diuCV<Λ V 2 )

Tv = T - λ 0 I)
(

m - TN) Gui 。
thus dimC Wxo 4 Mxo) = dim w⼊ot diomMo

②, SupposeVFoE UooM Wsnoteem
= dim O

v = C T - λ 。 I]
m

. 0
V = Wλ 0 +Ux0 .{ T - λ 。y( mv = 。

⇒ T - x 。τ)
( i = 0

= WD 。 ⑤ Uλ 0
,

√ E Ker C ( T - λ 02
jm

)

but √ f KerCCT- x 02
)

)
contuolictwithKerCCT -xoy" fKer CE Nvyn ") …



Assume let[ λ I - T ) = λ - Rim
.

Eλ -Xrjm
.

C Tmewhes oer ① ) This clains slos W λ inwij = { 0 }

waut to proe Hene
V = W ⼋ . ④ … ④ War ④ u

,

lemma : V = WI 1 ④ W ⼊ c ④ … ④ WIr

pf ; 0 = WT
.
) Ux , by prers larmma

. U =

U ⼊ , M M MIr
,
Hene s

wn .
=ikora- x . )

'

)eT . = imcar- xi
)

y
Claim , w λ 2 … wam CUi

presened by T

If we ensider

T- XiI estetedtoWotz claim : If V =vieVs o1 T : v → v

presenes
v , and V 2

wan is othT - invarianteIinvarint tlen

∴itpresenes WIr Aod V voWaz ,FxiILv charE T ) = char. CT ) 01 ) .

()
↑ Char Ʃ T ) oz)

( If w =λ " v
, T - x)[

∞

i
Bf : Choose a basrs of V adaptcad

= ( λ 、
- λ~)
r> 00)

to V = VI ④ vs teen Tmatrix
Thus T - λ 1 wazisincertrble ,

i 5 ylock diagoal

T -

∴ iL
"

wxc is inertibe . τ= [ 戒了品
…

war = +
- λ “"
(
wxz)c T - λ .)(

"
V =
ux

.
ut ( x - T) = ut (惑)
= let (x - T 1 ) - etcλ - T2 )



n -

Y(
么 .

( λ - λ L )
M 2

pop : Let V be an n - diom vs
. 1 k

川

: cher CT ) =cherCTIwxi )herCTIwx . ) …therCTl
) Let N : V→ V be a nilpetent op

“ . cher Tlu) tron a a decomposrtpon
[λ - λ , )

h .
… Eλ - λ r }

ur

!
y woootsin λ

… λ r

V = V 、 ④ V = ④ … ④ Ur

s
.
t

. Nluk is a reguler nilpotent op ,

Thus u = { o } hi = mi
i . e . a a basis of V a . t ,

0 I- XiI on wxi is a wilpotent openator 则 of block diagonel

ie . CT - XiIJN = 0 on wai for ⼼ Carge erough Jorm ,
lere each

bleck is a neguar
. Exi w

: K
"

skn ,
e standardbars'

nilpotert
,

NCen } = en - yJNceu ) =eu - 1

, … NCe 11=
0

N = ( 战 : ∵
…闪

such o satisfies N
"
0butNn

- 1
=
0

.

he call suth operator on e
"

a regu lar nilpotent opractr .

N : enp en - is en - z
… e 1

-→0



'fip cthetroad l 7Assume
N

"0
,

Nm
'

to
"

.

Tren cnsidesiuna Ney , if V G IomL Ne)
,

then V = /Nk . CE )

V ⼆ NUCN ) = N 5 ENu
-5
v) for ay jak

Tus im Cnk) C imC N
5
) for Ujak

VJim ow ) imcnry Jimc v )imN

ne ave goinf to
constouet aban 'sadoptedt tiistigs

For imC Nm
)

wefind a basrs

im CNm
- 1

) : er … er
… ek .

上 上

1 ∵
ezar

1 产 eleti
2 } …

ectn

^ ]

「mol arvows 1 ↑

lc " Ʃ 型

[ 3 )

Qke 7

1

: i 1

e ,

cm ) erGn )
1

imC Nm
-

2 )

mayontainnorthomespancer - er , e, " )

…
be
"

)
—

↓

hecan omplete toahewbavers ofim CNury by addng .

ek+ y

"

eutur"





Coustent reffreatk lee
.

屁
a funeton thet doesue hace ontimoeous orsvcatre :

1 . EwistereƩ wolpcreress of sol ⼭ . fx ) = * ,
x ε C -∞

,
∞)

betBiot} ∵ , Bact) beeukwwnfwhnc

Juneton rot ontiowouscut x = 0
.

⽂
i

(t ) = (
"

) ⇒ f ' ix 3doesd' texist at x =0 .

λ u ( t 」

。

hit =
F , ( t , x

… an )

1 ;

. cx3 = 1 x 1

州料义 nit) = Fuct , * … 加 ) funetonis continnoug 。

be equetions

Thm : suppere Fict , J{} hascantinmouspartialderivatius fsx

in t and xa … In ,

then for any
initial erodtion

. fx ) = |× 1
±

出⼀⼼
att = togiven by ( xicto) … xnt)) , ue Ψhoae a smallopenintegnal segment ( to - ε , to + c) X > 0

、

contaiwft s ' t . the solin pht) raistsJoN EECto -
ε
,tot)

that satisfies egn
8mitielonditon ,Suchsoln 率忧 …

Iis umiqre .



. Ex sithhe caisferrce I ufwerosTtHomaleesue apppnf . ☆ *x = A . 万)

{
xct) = [ xct) ] 3 ☆ ( t ) = eA

' t
.xo

Xc 0 ) = 0 .

⽐ hore 2 sol 的 Heve , . :IHis nxnmatomyonstontoef
x (t ) = 0

⼼

,V

e
*
= 1 + x + 号!

← …

or

xot ) = ⑤
3

,
⇒ 为 ct) = ⑤

2

tra '
s seres oneges for UxE 4

Not umque becuse Fet , o ) = X
5

doesue hae e
At

= In + At +
A答 + … …

centinwors devivathe at x =0
o each term males seuse

.

∵器 = 州
"

A≈② ☆ (器) [ , scemomaton conveuges .

…

( 简msaanm
….

indepealat of
七

well alefaed .

⼀
tCeAt) = 0 + A + A' t +

A

室
honesenous fpist -

order
opEoastaat -

aefficrent
. = ACI + At + A答 … )

= A - eAt
all tems in ef ae

liverC propontoel0 in x
mexttent=

T

T → 2f , all termschge tyfacor f 2



cien t eA= A . eat In prartie , expeven
tiatnof amat

vewanttodiaagoaize Aost .

tum f ceat , π ) = A . e 品。

⼀
⼀

」

Dit] .

x [⼩)
Recall :Jordanavouied form Thm

=⇒ ☆ π ) = A - πct )

Ginen a matux IAoer ¢ of size n .

雪 invertiblemetrx C s
.
t .

No taton ; eAt is called "fundamewtal solan
" A = C . J.

C

umeve 5 isbockdiagonl ,wtheach bloolk
siner each coluuen leerineAtisoa soln

teongeneralson "es - eAt o is [ )~ 。 …x.

0

a linecer ombsofthe olomns

A == ( cJc
) -cJc )

= C - JJ - C
" =

CJ '
c

-

1

:

Aai c .J
"

. c
"

eAt = 1 HAt +
A

答 …
= C [ I + Jt + J

“

号 …
}

c -
1

=

C . eJt . c
- 1



suffice to considertlecasewhorefAisofJondan form

(或) = (
点

)。
suffihe to onsider ove siagle Jordan bleobc

: → e

( λ+ N ) t
= I + (λ+ N ) t + tx +N」

^是+…

Jondan oleak Sice J J
“ eJt

1 λ
nn ext ext · I) tct " 0 )

= ext .
et

Ʃ (合⻔
I7 If A , B 2 square matries .

IAB= BA

ten CAtB = eA . eB
= ( λ 0^ ) + ( % )

= λ I 2 + Nr
⼀ I到 x ly nurmhes

(λ I + N) = λ
'

+ zλN + N
'

e
*
. eY = ( (+ x + 登 ← … ]( 1ty + { … )

= (
x *
.

* )》
= ( t (xey 3 + 验 Cx

'

ey
'
ery)+

= c
xty

(λ I + "N
)
4 =

λ

" + (Y )
λ

k " , N +[ k
)λ☆ tre only property we orse is

n= 0 xy = y ×
.

= (
x
"

x"<
a

… …

Heuce sdirearnf formatsices



CEN =

IH ENT E
“

N =+ … = 1 + tN

= [ 品 ) ODE ][ 36 .
2

e

(x + a ) t
=
e
t
- ( )

×

☆
( “ "" ) ee□

size
l的

For J = λ Im+ Nm= ( λ :
x
") m }

Ju = (
" :

x
+
Xk 1

,Ntk [* )
·xk

… ,
Nz .…)

N4 = (。 ) " =(: … ") ~= (" )

(
, = [

iennmini
"

"')
:
,

i ∴ .

N 4
Ψ =0

,



Ex : c ampd penommn

)f
at ( xr - A]

= (
^

Inec) = λ [λ+ c ) + k

eg .

X = - Kx + C - x K , c 20

=λ=+ c λ+ k

↓ …

resistencetk'slaow x + c . xt kx0 . →tyx = ent

Soli ; ① turn 2nd order DE to Ist orater

Jolve λ=+ Cλ+ k =0
,

let λ 1 ct ]
= xEt )

α+←)
==

Cτ ]
2

- k
,

{2 ct ] = (t )

⼊ = ② ±准)=km

☆ ( ☆) = ( ☆ ) = (炎 cn ]
case上 λ±are histinct real solin

= (
…

] )(☆ ] <=3 K < [τ]
Intuitivelytlhis meansfhictonsslange

⇒
.(
*

⼀

⇐
e
(品… ) t(☆) =

Xz [ 0 ) ) ÷x +-

seve sraloin ,emerber
↓
Cewlutfonmatrix 1popagatr )

A
= (π- c ) Diagonalivee Aby A =

C - 5 C
+

Jind egenveues



A =

c . (
^+%
, . ) <

"

eAt = c . le
"

tent) c
"

π ct ) = (
e∴xt ) c "

( %, ")

casr Ʃλ± area paairofomplexconjngate sola

E3 K ≥ [ τ ]
<

λ±
= - β± iw w=座 - ( z

)

e
( - e + in) t =

e
- et

[ Cos cut) t isncut)与

( 州 ) = (
(
^

0

^

) c
" (]



constart ceeffdifElast: 1 t * = A * * = ( ☆)
solnspace is n -diman vertor space☆ (蕊 ) = A . (问 M

I

,
nen, constent .

* ( t ) = eAt . ( 简)的

soIn : π(t) = CAtEc ↓a

onstartcoluwmuertor

nxn mathy ci er bntrary censtaats

we can obtain an iso morphism buthen

wee exponential a matixisunderstoudy Gn and solution space
its Tayherexpansion :

CM = I + M +Itsµ
'

e . ( ) → et( 会)Tedy ;

1 . Boundey oonditionf initia )
ie . vecan use olumn ectors ineAt

2
, inheregeneous torm

.
as bours , of soln space

netivaton , heed to impose omtrantsr

to
fpin oom soln



Ex ; reguve thot attito E× c : 所 ; λ (t) = 0

soln π ck ) = ( 简 ) { xco) = 1

x ( 1 ) = 2

Ths an be satisfied by cwosy ( 点 )
gen sol

'

n xct) = a + bt a , b freevariabces

plug inton te generdsolintotrecoonstraints .

plog in a + so
= 1

eAt ( 笠 ) = ( 箭 ) { atb , |= 2b

is eato inertibe, . Ex ⼦ ;

{
π ( t ) = - xit) → × ( t ) = a

- sint +

A : Yes .

b - cost

IJ A , B ommuteAB = BA x ( 0 )
= 0

tron
eAt13

=eAeB =
eB

. eA
.

× crn ) = 1(
- A

⼆
0

ea . e e
= I

.

{ asince bosco)
=

oasincinstboscon) =

1 ②(品

ho soln



2
. inhemegemeoves Eqration :

Ex : x - 1 . →0 ⽶cxn
In gereral !

↑ an intomegenlous efuaton
henogemenes l . ↑

soln is aertor ,pace
B of treferm H * =古

Eswbspeeceachoss tre orgin )
prop : Sum of soln is still sol 的 T aa soli ifbisintre

rarge of A .

x+ y = 1 →" ⽶。

.☆ Ifosatisfies A * = b

soln rot vs
. π1 satsfies A .

~
= 0

x
affivesutbspacet,

战 Cl 10 ) and Coi) are solu
tonTo+ π satisfies A π= b.

C 1 , 0] + C∞
, ( ) = C "Dtet a soln [仁 )

soln { A π tb} , if ut empty , os on

Beleationbetmen homose nerous ond inho ogeneoos ∴

affine space mostedoledoneetor
If Cx " y . ) is a soln toxey—

cand Cx . y . " ) B a soln toxey=
spae { Ax = 0}so的 ;

then ( xo + x 1 , yoty , ' ) is a soln to xty -H



Biffenential Eq : GGenerl strategy :to solve inho megierewes ef :

Ex … ☆ x ( t ) = λ xct) + gct )
1 . Find a particntersolstotuey .

↑
a giea functon 2

.

trind a geandsolin to tre homoge

9 .

rewritethequatin, tointrodue
"

D"tperator 3
.

Ald
up , get gerend soln

D - λ )( -

×< t ] = gct ) C * )
t tre inhem e

9 .

↓ t

Linear ofrevetor
udicn vs

.

If 王 a soln Boct ) for 此 [ ←]

tean 王 a hest of oter sol
'

n by

addy to xoct)} : soli og ( D - λ ) xct) = 0 }

∴
.

, gennel soln xct) = Xo ( t) t C - ext
.

↑
free



rrotaton : B = at .

roreseveraly.
x : B . xct) = C1

D - λ>( xc ) = gy
,

Ex :

⇒ xct ) = Cit is a particuersols not ( bo + bt + … bnt
^

)suppose Sit ] = e

B x (t ) = 0 λ 0 #λ①
.

To fpndparticular soln
⇒ XG ) = CI is a sevend soln t hono version

he first set

xct ) = e
λ t

. uct )
XLt ] = xo < t 3 + xict) = ct ← c 1

D - ⼊ 7C Cextuit 3 )urs=

Ex 2 : D . xit) = ext = ext . D uct3 t ext .

rity-Mentwt

= ent . p rct)
particmersoli :x ( t )

=xt
gcn soln totoe

, ×ct) D

. =
0

ext . D irth =
exot bct)

Xict ) = Co .

D -

uct ) = eno
-x t

. but)

gen: xct) = r π ext + co .

uct) = feno -tbitsott…
-

xct ) =entfetniat—
= e

λ t
. Puct )

C Pnot) and bct ) of sane

degae )



Jent dt = 5 et + c
.

② If λ= λ 0 .

p -C xA1 = eat . bdpoyomed
Jext , t , at = St . dce☆

integraton by pact

= te哔⼀ fe笑 at tren set xut) =
ext
, ut)

we hove D - rt) = but )

: ext⽀- ext-

uut) = fbot) dt
=
e{ ( t - * ) = Pc)-

1
polynonial of g ut 1

chak :

( et
π

- e

^
t

ii ) = xext. ☆ tetx
x (t ) = ent pct)

x
⼊ F

-

λ e - xr particular solu

= ent , t

In gererd , fext , tn
,

oot = ant . Puot ) see Gunental OPE book ex
,

3
. 7 . 3 cb} < c )

poyrounel ofdegreen



Todary :

π ix

① Forurier series: hethed of exparby functons .

eencx) : =
τ
”

-

Ex

complex valued
.

nG 区

cebrsider interal [ - L ,
c ] it is 2 c-periodic

consilercoeplex valued C continnons ,
on Riemann integrable) en ( xtzL )

= etixn iaine
functrons on [ - L , L] . “

1

Let fox )
, scxs be swhuicefunctious on L , LJ[ = Oncx )

re define an
"
inner proect

"

<f . g 2 = ☆ SIJagcxrdx cence) ,
encx 7 = ESl Ean - erix .

ndx

T ompare thus with Herwitien inner produdt on ①
N

π= ( x . … Xn) , 可 = cy … YN? GCN

= tfl erixcm
… )

, dx

⼏

< * , 5 = 点 ii(
= {

L , m = n

.discreteinkos
Npoints ⇒Continuons on funutiong

0
1 mfn

,



位吃么 , n =mne

☆

世
↑"

的 oi

Remark ; if he cousider
"

(
2

space on [ - u ,
c ]
"

nith the aboeiiner produt .

⼀七

teen { emex 3} nEo forousan orthonerowal ban's

e
式 . Lk

-

e
式- Lr

⼆ 巡 . Given
amy ontinuous Juneton fox) on [ - L , LJ

⼀位死 i⼀

he can define its couplex Fowrier wefficients

= —
←ai

-

e

[ cn } uoz .

~

cn : = cen , f 7
= t fle☆ x " . fox ) - dx

∵ eai = - 1

complax Jowrier sences :

= -cik
Ʃ Cn . encx )

nG 区

= 0
T

ompae: supppoceV a fphmite -din . Hermatren vis
.

cand { et en}orthorormel
bar's , trer .for EVv ,

v = Ʃ
"

ciei
,
ci = cei , v >

i = 1

L



complex fourier expansion :

-

Jcxshor coutinnous , tren for V xo [t ,
L]
,

e

have N

Ʃ encx) 〈 en , 打cx)= Ʃ encx) . cen, f ) = l
"

☆→∞ n =
-N

nox

↓ ↓
numberumbergnen

Bluggry in x

peal Jumetions
'

fourier expansion

. Gren a red valued fuuction fox, on [ -C , LJ

he can ube ( , sin ( [ n ) , osC 型. n )
,

n n = , 2
,

…

to expand f .
ie
.

f (x ) = ao + Ʃ品 Cans (型n ) 「bn .sin( 型 n ) )

These sinCE .
n) and s (式 n)fomGuONB



Notation ; SmEx 3 = Sin (型 . n) m = osc 吃以
coun , ca )=

(eneen

,

en,
e - n

,

enx = e
式 *

" =

os( [xn) tisnc 岳x)

= caces +isncxlomposonjigate !
= 4 (en ,

en ) tcey
.
e -n)

⼆ 出 .

2
e - nCx)

= C
- ucx ] + isIn ( x)

= 上
2

= Cu ( x ) - iSn ( x )

CnC 〉 ≈
ent≈

fcx ) = aot Ʃ ancncx) + bm sucx) )(
←

-

州⼀

Sncx) = en
-

e

∵
To extract ao , we de

ccu . sn 2 = Centeoπ en - en 7 < 1 , f ε x ) 7 = < 1 , a 07

世

= tlenens - e - n
,e ) ztSifcx ) dx

=

πfll ardx
= Go .

= + ( … ) = 0
⇒ o = tSl x) dx



To extravet an ne appry
〈 Cn

,
-

3 cn = as (* n)

Ʃ Cn
, fox 3 )

= an E am , cnB = zam

an = 2 . tS 点 osc πx . n )funid ,

Soularly ,

bn = tS 午 sincixn )sdx

~

Ex ; tetfox = x on t
,
L][

fond oneplexI peol fowrierceeffircats ,

pead [ OpE]



② Famous PDE Notatiou :fx =Jxffxx = ax 2xf = : f
Gileenafoumetonthetleperales on more theoa

1 veariablesay fcxcy )

re centalle aboutitsportioll olorivatue .

. Laplacian operetor ; Δ

∂xfcx 0 , y ∞ ] : ⼆0

—把ot ε y 0 } - f ε x ,— om Rn 0 = Zx4Cjxx ] '
+

…
( ∂ xn )

2

Ʃ

ay fc 4 o , Yo} : =

tim f [ xo , yot { } - fCaw , Y0」
。 of measubestrowonuch afunction

" beiad⼀

E-→ 0

Ʃ

re can define high - onoler partioldeivaties Ex : onR ocx) =xfcx

∂ x (axf ) , γy ( axf ) ofcx) = 0 <=) θ☆ fcx) =0 .

γ x < ayf ) , ay ( ayf ) Ʃ fcx ] = atbx

sthaightlive ,robendig
In the case that fis fmicediffereatiable

"

⇒ γ xayJ = Zyaxf
Exz : onk

2
: 2 ×ofcxy ) f + ayf

Ex ; fax . y )
= xy .

ofcxry ) =∞ {=3 θ xfcx , y ) +2yfcxy ) = 0

∂xf = y . zyfx foxiy ) atbxtcy
γ xzxf =0 ⼦ y ⼦yf = 0 fcxuy ) = xy
2 xzyf = zyzxf = 1 or ixy) = xz- y

2

…



The sol ' n to o[xiy )= 0ave called haronou '
cfumotious

o Eigenvabeprobemfor olaplace operetor ) :

Ex ;
let 2 cRn . f :2 → R

⼊ : eigea vabe for 0

{
<f =

xff1 a ~=0

1 J :eigeniectos

ex ; [ 0 . 1 ] CR fcx ) : s . t .

{
☆f =

对
f( 0 ) = 0 f( 1 ) =0 .

⇌⼀
≈

in 1 - dim ne have tle sequence of solln

n (x ) = sin ( π x . n ){ λ m = - 不 n(
2

2 xw= sin( nm - x ] = os ( π n , x ) , π)x

⼦ xf指 × ] = 2 x oscanix ) Chn ) = - sinnnx) Cπaj
2



.

Heat equation :

2 tf(t , x ) = ( x
f

(t, x ) f : RxR
"
→Rtx tun flt , x ) = 点bn -

e -a
'

t
sinlaxn)

in spelial case :

f : [ 0 ,
∞ ) tx [

o ]
x

→Ra

s,t .
⼦ tf { t ,

x 3 = Z
^

xf ( t , x )

{ f [ 0 ,
x ) = focx) inrtmal

ε
I fit ,

0 ) = 0 fCt . ) = 0 .bounoy

x
=

D
4 = 1

Pir
tomimxpanion

←
∞

玎 fo ( x ) = Ʃ bn - sin ( ⽯ x . n )

n ≈ 1

then we krow how each sincnxinserole .

i . e . f fxcx ) = sin {zx . n )

- nn )(
^

t

then fit ,
x 3 = e sin Cπ x . n }

- nn ("
t

-

sinchx , n )atf = - nne

Zxxf = e
- canj

'

t
C - C πn )), sin (π x . n) =⇒ atf = 2xxf



Summoy :

¢ ) ☆ (简
) = A (简 ) c2 ) Higher ovder const oeff l .

A : custout ceff mertuo , " ×∞ )+ ( t) "xct )a+ … en. txit)tanat)= 0.
solln ; ct) = eAt . π c0 )

wee eat = In t At + ㉕ (At]
'

+ 专; (At)
β
…

Metled 1 : (geveral )!

iutroduce tew eucrown uuctious ;

if A = C
"
JC

L Jorelaom fo m Xo (t ) = x (t )

teon eAt = C
'

.

eJt
. C

Xi (t ) = at xct)
:

. if A is diagonaticable .

× n - 1 ( t) = t"
"

× t)
J = (

*
"
…

an )
eJt = (

e
"

*

:
ex . t)

XCo 3 ontains n free vaibles

λ 0 ) … × n ω )



Theserew functoussatisfy hetbhed 2 : Find chasacteristre

pobyhenicel :品 ()= ( 品) = (简 ty to ping in

-

a ( λn … anX 0
. x = e

λ t
-

get equaton

λ
"

tai λ
…
" …tanJe

λt
=0

=

( )(你!∵ …

…

…

… = det [λ - A )

→

tuus redues to case ( 7



C 3 ) solvi时 PPE of type .

0
x U (t , x ) = ⼦ tohc orJor ttm

,

-

-Heat ; Z σ u ( t, x )
= 2

xx u
(t , x )

solinGen ,separettion ofvariablesto obtain" basi ' sof soln :

r ( t 1 x ]
= f { t ) . g [x )

tun
∂ t (fit ) , gw ) ) = 2 x × ( f ( t ) , g (x ) )

ztf( ) g∝= f 2 xxg
=ifb ' s t0 .

at

毙
,

=

αx * s

毙 = oet

=⇒ atfot ) = λ fs for sone ⼊

{ γ x × gcx ) = α , gcx)

f (t ) = extfc 0 )
{
SUx ] = e

5at
. c . + e

-5π t
. Cz


