
3.
τ = 2π.
ξ > 0:

We integrate over a negatively oriented semicircle in the closed lower half-plane:∫
γR

a

a2 + x2
e−τixξdx =

∫ R

−R

a

a2 + x2
e−τixξdx +

∫ −τ/2
θ=0

a

a2 + z2
e−τizξdz

where z = Reiθ in the second integral.∣∣e−τizξ∣∣ ≤ 1, so the second integral
has magnituded bounded above by

a τ2R

R2 − a2
hence the integral over γR approaches ∫ ∞

−∞

a

a2 + x2
e−τixξdx

as R→∞.
Furthermore, for sufficiently large R we have by Cauchy’s integral formula

1
π

∫
γR

(· · · ) = 1
π − 2πi

a

−2ia
e−τi(−ia)ξ

= e−τa|ξ|

Hence ∫ ∞
−∞

(· · · ) = e−τa|ξ|

ξ < 0:
Similar, but with a positively oriented semicircle in the closed upper half-plane,
giving the same result: ∫ ∞

−∞
(· · · ) = e−τa|ξ|

ξ = 0:

1
π

∫ ∞
−∞

a

a2 + x2
e−τixξdx = 1

π lim
R→∞

[
tan−1(a−1x)

]R
−R

= 1
ππ

= 1

= e−τa|ξ|

Inversion:

∫ ∞
−∞

e−τa|ξ|eτixξdξ

=

∫ 0

−∞
eτaξe−τixξdξ +

∫ ∞
0

e−τaξeτixξdξ

=
1

τ(a+ ix)
+

1

τ(a− ix)

=
1

π

a

a2 + x2
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4.
ξ ≥ 0:

Writing

f(z) =
e−τizξ

Q(z)

we integrate over a negatively oriented semicircle γR in the closed lower half-plane:∫
γR

f(z)dz =

∫ R

−R
f(x)dx+

∫
|z|=R,Im z≤0

f(z)dz

The latter integral has magnitude bounded above by

AπR

RdegQ

for some A > 0, and hence it → 0 as R→∞.
Therefore ∫ ∞

−∞
f(x)dx = lim

R→∞

∫
γR

f(z)dz

For sufficiently large R,
the singularities of f inside γR
are poles and are precisely the zeros of Q in the lower half-plane.
Residue formula gives ∫ ∞

−∞
f(x)dx = −2πi

∑
r∈R∩{Im z<0}

resr f

where R = Q−1({0}).

For r ∈ R, let mr be the multiplicity of r. We have

Q(z) = c
∏
r∈R

(z − r)mr

for some c 6= 0.
Defining

fr(z) =
e−τizξ

c
∏
s∈R\{r}(z − s)ms

we find that resr f
is the (mr − 1)-th coefficient of the power series for fr centered at r, since

f(z) =
fr(z)

(z − r)mr

Therefore

resr f =
1

(mr − 1)!
f (mr−1)r (r)∫ ∞

−∞
f(x)dx = −2πi

∑
r∈R∩{Im z<0}

1

(mr − 1)!
f (mr−1)r (r)

ξ ≤ 0:
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Similar, but with a positively oriented semicircle in the closed upper half-plane,
giving ∫ ∞

−∞
f(x)dx = 2πi

∑
r∈R∩{Im z>0}

1

(mr − 1)!
f (mr−1)r (r)

When several roots coincide:
When several roots coincide at r, the expression

resr f =
1

(mr − 1)!
f (mr−1)r (r)

uses a higher-order derivative of fr.
Whereas when r is simple, we have

resr f = fr(r)

3



6.
Poisson’s summation formula and exercise 3 give

1

π

<∞∑
−∞<n

a

a2 + n2
=

<∞∑
−∞<n

e−2πa|n|

= 2

<∞∑
0≤n

e−2πan − 1

=
2

1− e−2πa
− 1

=
2

1− e−2πa
− 1− e−2πa

1− e−2πa

=
1 + e−2πa

1− e−2πa

=
1
2 (eπa + e−πa)
1
2 (eπa − e−πa)

=
coshπa

sinhπa
= cothπa
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8.
τ = 2π.
Integration by parts gives ∫ ∞

−∞
f(x)e−τixξdx = −

∫ ∞
−∞

f ′(x)

(
− 1

τiξ

)
e−τixξdx

=
1

τiξ
f̂ ′(ξ)

and shows the convergence of the latter integral.
Applying this repeatedly yields

f̂ (n)(ξ) = (τiξ)nf̂(ξ)

Using Fourier inversion,

f (n)(x) =

∫ M

−M
f̂ (n)(ξ)eτixξdξ

= (τi)n
∫ M

−M
f̂(ξ)ξneτixξdξ

an =
1

n!
f (n)(0)

=
(τi)n

n!

∫ M

−M
f̂(ξ)ξndξ

Next we have

(n!|an|)1/n ≤ τ

∣∣∣∣∣
∫ M

−M
f̂(ξ)ξndξ

∣∣∣∣∣
1/n

≤ τ
∣∣∣∣2M (

max
[−M,M ]

|f̂ |
)
Mn

∣∣∣∣1/n
≤ τM

∣∣∣∣2M (
max

[−M,M ]
|f̂ |
)∣∣∣∣1/n

≤ τM
∣∣∣∣2M (

max

{
1, max

[−M,M ]
|f̂ |
})∣∣∣∣1/n

→ τM

as n→∞. So
lim sup
n→∞

(n!|an|)1/n ≤ τM

For the converse direction, we first determine easily that f is holomorphic in the complex plane,
since the lim sup bound shows that the radius of convergence of the power series is infinity.
Let ε > 0.
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Let N ∈ N be large enough that

n ≥ N =⇒ (n!|an|)1/n ≤ τM + τε = τ(M + ε)

=⇒ |an| ≤
1

n!
(τ [M + ε)]n

=⇒ |an||z|n ≤
1

n!
[τ(M + ε)|z|]n ∀z ∈ C

Then for any z ∈ C, ∣∣∣∣∣∣
<∞∑
N≤n

anz
n

∣∣∣∣∣∣ ≤
<∞∑
N≤n

|an||z|n

≤
<∞∑
N≤n

1

n!
[τ(M + ε)|z|]n

Furthermore, as z →∞ we have ∑<N
0≤n anz

n∑<N
0≤n

1
n! [τ(M + ε)|z|]n

→ aN−1
1

(N−1)! [τ(M + ε)]N−1

Hence for some A,R > 0 we have

|z| > R =⇒

∣∣∣∣∣∣
<N∑
0≤n

anz
n

∣∣∣∣∣∣ ≤ A
<N∑
0≤n

1

n!
[τ(M + ε)|z|]n

Since
∑<N

0≤n
1
n! [τ(M + ε)|z|]n is nonzero everywhere, we also have

|z| ≤ R =⇒

∣∣∣∣∣∣
<N∑
0≤n

anz
n

∣∣∣∣∣∣ ≤ B
<N∑
0≤n

1

n!
[τ(M + ε)|z|]n

For some B > 0.
Letting

Aε = max {A,B, 1}

we have at every z ∈ C, ∣∣∣∣∣∣
<N∑
0≤n

anz
n

∣∣∣∣∣∣ ≤ Aε
<N∑
0≤n

1

n!
[τ(M + ε)|z|]n

∣∣∣∣∣∣
<∞∑
N≤n

anz
n

∣∣∣∣∣∣ ≤ Aε
<∞∑
N≤n

1

n!
[τ(M + ε)|z|]n
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|f(z)| ≤

∣∣∣∣∣∣
<N∑
0≤n

anz
n

∣∣∣∣∣∣+

∣∣∣∣∣∣
<∞∑
N≤n

anz
n

∣∣∣∣∣∣
≤ Aε

<∞∑
0≤n

1

n!
[τ(M + ε)|z|]n

= Aεe
τ(M+ε)|z|

QED.
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9. (a)
τ = 2π.
We use the principal branch of the logarithm to exponentiate.
Also arg z = Im log z.
First assume 0 < γ < 1.
Define

S =
{
z ∈ C

∣∣ | arg z| < γ τ4
}

G(z) = F (z1/γ)

Then G is holomorphic on S and continuous on S.
(S is a wedge with angle γ τ2 .)

Pick an α with
1 < α < β < 1/γ

for some β.
Then for z ∈ S,

| arg zα| = α| arg z| < βγ τ4 <
τ
4

Hence cos(arg zα) > cos(βγ τ4 ) > 0.
Defining

Gε(z) = G(z)e−εz
α

we have |Gε(z)| ≤ Cec|z|−ε cos(βγ
1
τ 4)|z|

α

.
This bound approaches 0 as |z| → ∞.

For any R large enough that CecR−ε cos(βγ
1
τ 4)R

α

≤ 1,
we find that |G(z)| ≤ 1 throughout the boundary of the wedge DR(0) ∩ S,
hence also throughout the wedge.
Since R was an arbitrary large radius,
we see that |G| ≤ 1 on S.
Now for each z in the right half-plane, F (z) = G(zγ) hence |F (z)| ≤ 1.
This proves the case 0 < γ < 1.

If γ ≤ 0, then pick C ′ ≥ C with
|z| < 1 =⇒ |F (z)| ≤ C ′

Letting γ′ ∈ (0, 1), we see that

|z| < 1 =⇒ |F (z)| ≤ C ′ec|z|
γ′

|z| ≥ 1 =⇒ |F (z)| ≤ Cec|z|
γ

=⇒ |F (z)| ≤ C ′ec|z|
γ′

Hence |F (z)| ≤ C ′ec|z|γ
′

throughout the right half-plane,
so |F | ≤ 1 by the previous argument.
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