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11.
For f holomorphic, we have

of
— =0
0z
And the linearity of A gives
Au+iAv=Af
_ 9
- 020%
W
0z
=0
Comparing real and imaginary parts gives
Au=0
Av=0



Additional hypothesis: () is connected.
(a)

Put f =u+iv.

Constancy of u shows that Vz €  :

0= or dy
0= ou(z)  Ov(z)
9z Oy

For any 21 = x1 +iy1, 22 = T2 + 1Yo,
in  we now have

v(z1) = v(xy + iy1)
=wv(ry+iy1) +0+0

Y2 T2
=wv(z) +iy1) + / 0dy + / Odx
x

y=11 =1,
=v(xy +iy1) + /yz olar +iy) dy + /Iz dulz + iy2) Z‘yz)d:c
v=u Y o=c, 0%
=v(z1 +iy1) + [v(x1 +iy2) — v(zr + ty1)] + [v(ze + dy2) — v(x1 + iy2)]
= v(x2 +1iy2)
= v(z2)

assuming the domains of integration are in 2.

Applying this reasoning finitely many times,

we find that any z1, 20 € Q

connected by a finite chain of vertical and horizontal line segments in €2
have the same output under v.

Since € is open and connected,
any z1, 22 € ) have such a connection,
and therefore v is constant on 2.

Since f = u + iv and u, v are constant, f is constant.

(b)
The function
oy

7

is also holomorphic on 2 and has constant real part.
By part (a), 1 f is constant, hence f is constant.

(c)
Claim 1:
|f| constant on @ = f'=0on Q

Proof:



Proof by contraposition.
Assume ' # 0.
Let z € Q with f/(z) # 0 and write

f(2) =1f()u
with |u| = 1.
Let » > 0 and defining
Az =72
f'(2)

Let r be small enough that z + Az € Q.
We have
f(z+Az) = f(2) + f(2)Az + R(Az)
=u|f(z)| + ur + R(Az)
=u(lf(z)|+7)+ R(Az)

u(f(z) +r) = f(z+ Az) - R(Az)
where R(Az) is the Taylor remainder.
When r is small enough that ‘%‘Zz) < |f'(2)|, we have

|f()] +7 < [f(z+ Az)| + |[R(A2)]
<|f(z+Az)|+r

If () < [f(z+A2)|

hence f is nonconstant.
We have now proven
f'#0o0on Q = |f| nonconstant on

giving the contrapositive
|f| constant on @ = f'=0on Q

as desired.
Claim 2:
f/=00nQ = f constant on )
Proof:
0=/
_of
oz
_Ou | Ov
oz ‘oz
_Ov  Ov
= a—y ’L%

Hence, comparing real and imaginary parts,

ov
571/_0



v

—~_0

Ox
Hence, by the integration argument in part (a),

v is constant.

Hence, by part (b),
f is constant.

Combining the two claims gives

|f| constant on 2 = f constant on



15.
Intro.
We will show that the difference

<oo <oo
I S
<n <n
approaches 0 as real r approaches 1 from below.

Notation.
Define, for any T' € N,

<T
ST = Z Qp,

1<n

<00
ET = Z Ay
T<n
My = n?gx|an|
1<n
Lemma. Let r < 1, N € N.
<oo <oo
Z ra, =V Eyn + Z (r" —r"HE,

N<n N+1<n
Proof:
e’} <00
g r"a, =rVEx + E (r" — rN)an
N<n N+1<n
<00
N N+1 N N+1
=rVEx+ (VT —rMEny + E (r" —rN*tha,
N+2<n
<oo
= ’I‘NEN —+ (T‘N+1 — ’I“N)EN_;,_l —+ (T‘N+2 — T’N+1)EN+2 + E (Tn — TN+2)CLn
N+3<n
<N+Ek <oo
=rNEyn + E (r" —r"HE, + E (r" — rN TP,
N+1<n N+k<n
Subtracting,
o) <N+k <o
§ : an — T’NEN + § (,rn _ Tnfl)En — 2 (,rn _ ,,,NJrkfl)an
N<n N+1<n N4k<n

<oo <oo
= E ray, — N TR E an,

N+k<n N+k<n

Taking the limit as k — oo,

o0 <oo
Z an — | ™VEN + Z (r"—r"HE, | =0
N<n N+1<n



which gives the desired equality.
End proof of lemma.
Bridge.
Now we point out, for any r < 1 and N € N:

<oo <oo <oo
Z an — Zr”an = Z(l —r")any
1<n 1<n 1<n

<N

Z(l —r"a, + Z an, — Z r"ay,

1<n N<n N<n

<N <oo
Z(l —ran + Exy — | TN Ex + Z (" —r"HE,
1<n N+1<n

Core.
Let € > 0.
Choosing N large enough that n > N = |E,| < j&, we have
<oo <00 <N <00
Z an — Z ran| < Z(l —1an| + |Ex| + 7V |Ex| + Z [P — " |y
1<n 1<n 1<n N+1<n
<N 1 1 <o 1
< Z(l —7r")an| + 1° + era + Z |r" - r”_1| ZE
1<n N+1<n
<N 1 1 <o 1
= Z(l - Tn)an + 15 + TNZE + Z (7"”_1 — TH)ZE
1<n N+1<n
<N
1 1 1
= Z(l —rMa,| + ZE+TNZE+TN15
1<n
<N
1 1 1
< Z(l —rMay|+ e+ -+ -¢
<m 4 4 4
<N 3
= Z(l — ’I"n)an + ZE
1<n




QED.

1
Whenever r is close enough to 1 that (1 —r") < Wl\i—l)’ we continue

<N <N

Z(l—r )an, —|—ZE§Z|1—T ||an|+15

1<n 1<n

We have proven that for any € > 0, if » < 1 is sufficiently close to 1, then

<oo <oo
E a, — E ra,| <e
1<n 1<n



16.
(a) 1

Magnitude of ratio of coeflicients:

n—00 Oy n— 00

2
lim 24 = im (log(nJrl))
logn

=12
=1

(c) 4

The limit of the magnitude of ratio of coefficients is

Ana1 _<n+1>2 4™ + 3n

an n 4+l 4+ 3(n+1)

3n

_(n+1 2 4" 4+ 3(n+1) B 3(n+1)
U n 4ntl 4 3(n+1) 47+l 4+ 3(n+1)

1
1(= —
— (4 0+0)

=

(e)
If o or § is in Z<p: r.0.C. is +00
In this case there are finitely many nonzero terms,
so the sum converges everywhere.
Otherwise: r.o.c. is 0
Magnitude of ratio of coefficients approaches

y+n o y+n
— (1+0) o0
=00

Y +n

4+l 4 3(n+1)

a+n(6+n)’:’(7+n+a—7)‘|6+nl

)



