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IX.lt Suppose f z is analytic and Ifsa El t 171st
show that if fiz has a zero of order m at Zo then
1201m 7 10

Pf We first create a function that vanishes at z

4 z ÉÉTz

and V14 l 142.1271 1

Then we define FIZ FETT A it Ztz

since flz has an order m zero at Z Zo FA

has a removable singularity at Z Zo

1 1 1 I EE.IT

tis t

Thus 151271 Fal 14671m E 141211 tact
In particular

pg e 141ohm Zo



Alternative proof let 42.177 be as before consider

F fo 42 fo 4 to then

Flo f 4 z 10 f Zo O

And Fla has an order m zero at 0
Consider G Z FIZ Zm and followthrough the proof

of SchwarzLemma Fazil e 121m It 12121 Hence

Fro E Zolm

FZo 514 12 f o i Ifill E 17ohm

31 Suppose Fez is analytic for 17kt and suppose

I Ifail M for 121 1 while frost Show

that fat has a zero in the unit disk show

that any such zero satisfies 1201 it

Pf
a
Consider the image of f 2D it is a contour
contained in I c twism Hence It later the integral

Ila ftp.nwtadw L Ifa dz
is well defined ÉjIÉ principle and analyticityof
f we have

Ila of solution to fiz a for ZED
Since 111 70 i I107 111 0

Thus there must be a zero z of fat forZo ED

b let Fez fit M then
F D D

I



and F extends to ID as a hot's function Flo

We may apply problem 2 to get

Fol e 1701

Hence Tr E 12.1

Since for 121 1 IFall I we know Fez is not an

automorphism of ID thus above inequality is strict Hence

C Zo

IX 2 2 Show that Fast is a finite
Blashke product

Pf Fiz vanishes at Z I we try

BIG B a III I.it YIIz
3

ok it worked

3 Suppose fiz is analytic for 121 3 If Ifk El

and f ti f ti o then what is the maximum for



Iffoll For which function is the max achieved

Pf let Fiz 7132 then
F ID D hot's

with Ff's F11437 0

Let 617 BiH B5177 B 12 B5127 where

Balz EE is the Blaschke factor Then

Eff H12 is hot's and sup11th El Home
121 I

171271 E GA l And only if Hk c constant 14 1
do we have equality

Flo e Gia f

HI Fix Zo Z ED find the maximum value of
fro fail for all f A D hot's

Pf Following the hint we first prove that if Zo r Z r

then only rotation fix ei z will maximise the distance

For any f ID ID let

go fat fi 71 2

thin glo fin fi g 12 0

and that Iga e Effin t Ifl a I 1 1 1



Hence g D ID and glo o We apply
Schwaz lemma and get

1912 e 121

Furthermore

ga ga I fa.tt fan ftl
ffizo fczill

Hence Ifizo f 17 191207 gZille gizaalgin
E ZoltZil

Plug in Zo T Z r we get
Ifan fail e zr

If equal sign holds then g Irl Hence g is inAntlia

giz e'O Z for some O

Hence fiz fl Z 2ei0 z

We write fat get that where ha fatft
is an even function We claim hi27 0 for simplicity
I will assume fan is defined on D If I Zo E 2D
sit h Zo 0 then ht707 412 h is even

fiz eiozothizo
fl 2 etiozo h Zo

Lemma if a b are a complex numbers with la p

tablet la 61 1 Then 6 0



Pf latbl a't b tea b
ta bl a't b z a b

i lat bit ta bl 2 b2

i b 0

apply the lemma to t.tl Izotéio heart
Ho e

it had
we get h 2 D

Thus 12 has to be a rotation as well if gia is
a rotation This finishes the proofof the Hint

Now given any Zo Zi we claim there exist a r 0

and an Autin that sends Zoe V Z E r

Indeed we can find 0 d E Antlia

to

realizetheaboretranformalinifinding

f is
equivalent to


