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Problem 1 (Exercise 7.2.1)

Prove Lemma 7.2.5., i.e. Prove

(v)

(Empty set) The empty set () has outer measure m*(0) = 0.

Proof. Let B = H?Zl(ai, b;), where a; = b;. Since () C B, thus the lower bound
m*(0) < wvol(B) = 0. By (vi positivity), m*(0) > 0, thus m*(§) =0 O
(vi)

(Positivity) We have 0 < m*(2) < 400 for every measurable set Q.

Proof. By definition let  C R™,
m*(Q) = inf Zvol(Bi) : (Bj) e covers §; J at most countable
jed
Since vol(B) > 0 for any open box B, thus

m*(Q) >0

(vii)

(Monotonicity) If A C B C R”, then m*(A) < m*(B).



Proof. Any open cover {B;} of B is also an open cover of A, so

{{B;}|{B;} is an open cover of B} C {{4;}|{A;} is an open cover of A}
—>{Z vol(B;)|{B;} is an open cover of B}

C {Z vol(A;)|{A;} is an open cover of A}
%inf{z vol(A;)|{A;} is an open cover of A}

< inf{z vol(B;)|{B;} is an open cover of B}

—m*A<m*B

(viii)
(Finite sub-additivity) If (A;),es are a finite collection of subsets of R", then
m*(UjesA4;) < 3jesm (45)

Proof. First, we try to show the case where there are only two sets, in other

words,
m* (AU B) <m*(A) + m*(B)

, for any A, B C R"™. Let € > 0, there exist an open cover {A4;} such that
ZUOZ(AJ') <m*(A) +¢/10
J

Similarly, there exist an open cover {B;} such that

Zvol(Bj) <m*(B)+¢€/10

By construct, the set (UJ Bj) U (U] Aj) is an open cover of A U B, thus it
follows that

m*(AUB) < Zvol(Aj) + Zvol(Bj)
< TrJL*(B) +m*(A; +e/5

Since the equation is true for all € > 0, thus
m* (AU B) <m*(A) + m*(B)

Now, we extend the result to finite sets by induction. For any arbitrary sets
C1,C2 CR"
m*(C1 U 02) < m*(Cl) + m*(C'Q)



. Suppose
m*(C1UCyU...UC,) <m*(C) +m*(Ca) + ...+ m*(Cy)
Then

m* (CrUCyU...UC,UCpi1)
((C1UCU...UC,)UChy1)

<m*(C1UCyU...UC,) +m*(Cphi1)

<m*(C1) + m*(Cs) + ...+ m*(Cy) + m*(Cry1)

:m*

Thus by mathematical induction,

m*(UjesA;) <Y m*(4))

JjeJ
for any finite collection of sets. O
(%)

(Countable sub-additivity) If (A;);cs are a countable collection of subsets of
R"™, then m*(UjeJAj) < Z]GJ m*(Aj)

Proof. Let € > 0, there exists (Bi(j)) such that

ZUOZ(BZ»(j)) <m*(Aj) +¢€/2
i=1

Thus,
m*(|J 47)<>° > vol(BY)
j=1 j=11i=1
<> (m*(4)) +¢/27)
j=1

(oo}
<D m(A)) +e
j=1
This is true for any € > 0, thus

m*(|J 4;) <D m*(4))

JjeJ JjeJ



(xiii)
(Translation invariance) If €2 is a subset of R™, and € R", then m*(x + Q) =
m* ()

Proof. WTS
m*(z + Q) = m*(Q)

which is equivalent as showing
m*(z + Q) >m*(Q)

and
m*(z + Q) <m*(Q)

Let € > 0, then there exist sequence of open boxes (B;) such that

> wol(B;) <m*(Q) +e

but then (B;+x) is also an open cover for Q+x thus by countable subadditivity.

m'(Q+z) < Zvol(Bj +x)= Zvol(Bj) <m*(Q)+e

J

This is true for all € > 0, thus
W (9 + 2) < m*(Q)
Similarly, there exist a sequence of covers (C;) such that

Zvol(Cj) <m*(Q+z)+e
j=1

but then (C; —z) would be an open cover of 2, thus by countable subadditivity

m*(Q) < Zvol(Cj —z) = Zvol(Cj) <m (Q+z)+e

This is true for all € > 0, thus
m*(Q) <m*(Q+z)

and so we conclude that
m*(Q) =m*(Q+x)



Problem 2 (Exercise 7.2.2)

Let A be asubset of R™, and let B be a subset of R™. Show that m}, ., (AxB) <
my, (A)ms, (B)

n m

Proof. Let A € R", B € R™, let ¢ > 0, let ¢ = min{e,1,m*(A) + m*(B)}.
Then we know for every e > 0, there exists an open cover for A, (A;) such that

6/

ZUOZ(Aj) <m*(A) + 10(m*(A) + m*(B))

and that there exists an open cover for B, (B;) such that

E/

Z”OZ(BJ')) <m*(B) + 10(m* (A) + m*(B))

And we know that A x B C |J;U; Ai x B;, and since (4;), (B;) are sequence
of open boxes, thus

m*(Ax B) <m*(( J|JAi x B;)
= ZZUOZ(Ai)UOZ(Bj)
= Zvol(Ai) Zvol(Bj)

= B 50 () e (B))

=m*(A)ym*(B) + ¢ /10 +

IN

m*(A)m*(B) + €' /10 + 10(m*(A) + m*(B))

m*(A)m*(B) + ¢
m*(A)m*(B) + ¢

IN A

This is true for all € > 0, thus

m

Mo (A X B) < my, (A)my, (B)



Problem 3 (Exercise 7.2.3)
(a)

Show that if A7 C Ay C As... is an increasing sequence of measurable sets,
then we have m(U32; A;) = lim; o m(A;)

Proof. WTS for € > 0 there exist some N € R such that for j > N
(m*(Aj) — m*(Uf‘;lAj)) <e€

since m*(U52; A;) is the least upper bound for all S = {m*(U}_;4;)[n € N}
(this is true since suppose sup is greater than m*(Uj2;4;), there would be
a union of sequence of sets whose measure is greater than m*(U52;A;) but
any union of sequence of A; would be a subset of m* (U2, A;), which would
contradict result of subadditivity, on the other hand, we know that for every
N €N (UN,4)) C (U2, 4y), thus m*(UN, A;) < m*(US2, A7), m*(U32, A;)
is an upper bound), thus there exist U7_; A; € S such that

m* (U2, 4y) — ¢/2 € m* (U, A,) € m (U2, 4))
and since the sequence m*(Uj_; A;) is monontone increasing, thus

W (U2, A7) — /2 < m (U, A7) < m (U2, Ay)
for all m > n, thus choose N = n and since UjL; A; = A; thus

M (U2 A) — €/2 < m* (A7) < m* (U2, Ayn)
S I (Ay) —m* (U2, 4))] < e

So m(U32145) = lim; 00 m(A4;) O

(b)
Show that if A; O Ay D As...is a decreasing sequence of measurable sets, and
m(A;) < +oo, then we have m(N32; A;) = lim;_,o m(4;)

Proof. WTS that for every € > 0, there exist N € R such that for every € > 0,
there exist j € N such that if j > N

Im(A;) —m(N52,A5)| < e
O

Since m(N32, A4;) is the inf of the set S = {m*(U};4;)|[N € N} (since
suppose the inf S < m(N32;A;), then there is some m(N7_; 4;) < m(N3Z;4;)
but then (N7_;A;) € (N}_;4;) but by subadditivity, a contradiction.) Thus
there exist NV such that

m(N;2,4;) < m(m;'v:lAj) <m(N5214;5) +¢€/2



since m(N¥

7=14;) is monotone decreasing with respect to N, thus for all n > N

m(m;ilAj) <m( ?:1

A7) <m0, Ay) € MRS, Ay) + €2
= m(M52A5) < m(An) <m(NJL,A;) < m(Ay) + €/2
— [m(An) —m(NjZ45)] <e
Thus it follows that
MmN, A7) = Tim m(A;)

J—00



Problem 4 (Exercise 7.2.4)
will revise, assumed outer measure
Show that for any positive integer ¢ > 1, that the open box
0,1/¢)" :={(z1,...,2n) eR":0<z; <1/gforall<j<n}
and the closed box
0,1/¢]" :=={(z1,...,2p) e R": 0 < z; < 1/gforall 1 <j <n}

both measure ¢~

Proof. First we prove that m*((0,1/¢)") < 1/¢". We prove the claim by
mathematical induction. In R, m*((0,1/¢)) = 1/¢ < 1/q. Now suppose
m*((0,1/¢)") < 1/¢", then

m*((0,1/q)"*") = my, 1 ((0,1/9)" x (0,1/q))
< m}((0,1/¢)™) * m},((0,1/q))
<1/¢"-1/q=1/q"*"

Thus m*((0,1/¢)™) < 1/¢™ for all n € N.
Now we prove that m*([0,1/q]™) > 1/¢™. First we cover [0,1]™ by

S=A{[0,1/q]" + 1/q(l1,l2, ..., l)|ln € {0,1,2,...,q— 1}

,U% g Si = [0,1] then
-
m*((0,1]) = m*( | J Si)
S;eS

<3 m(1,1/q)

= ¢'m*((1,1/q)
Sm (L 1/q) > /g

Now we prove that m([0,1/¢]™ \ (0,1/q)™) < € for every € > 0. Let

—

n—1 n—1
Aj:{xeR"|q—q - enggq—&—q - e,for k # j,0 <z < 1/q}
qn—l n—1
B;j ={z e R"|0 - Snegx]—SO—i— ne,fork;«éj,0<xk<1/q}
And since

[0,1/¢]" \ (0. 1/q)" < [ J 4; u Bs
J k



Thus

m*([0,1/q]" \ (0,1/9)") <m*(|JA; Ul Bx)
j k

< Z vol(4;) + Zvol(Bk)
j=1 k=1

B qnfl n qnfl n
= 2¢ — + 2¢ —
8n q 8n q
€
=-<
5 €

This is true for all € > 0, thus

m*([0,1/¢]" \ (0,1/¢)") = 0

Thus, both boxes are measure ¢~ ".



Problem 5 (Exercise 7.4.1)
If A is an open interval in R, show that m*(A4) = m*(AN(0, 00))+m*(A\ (0, 00)).

Proof. Let A = (a,b) C R be an open interval. First, we know that the open
box A has outer measure m*(A) = b — a We prove the result by dividing A into
three cases.

1. when 0 <a < b, AN(0,00) = A, A\ (0,00) =0, thus
m* (AN (0,00)) + m*(A\ (0,00)) = m*(A4) + m* (D)
— m*(A)
2. when a <0< b, AN (0,00) = (0,b), A\ (0,00) = (a,0]. Since
(a,—€) C (a,0) C (a,¢)
for any € > 0, make e smaller if necessary. Thus, by monotonicity,

m*((a, —€)) <m*((a,0)) <m*((a,€))
— —e—a<m*(a,0)<e—a

Thus m*(a,0) = —a and since AN (0,00) = (0,b) = b, thus,
m* (AN (0,00)) +m*(A\ (0,00)) = b+ (—a)
=m”(4)
3. when a <b <0, AN (0,00) =0, A\ (0,00) = A, thus

(@) +m*(4)

m* (AN (0,00)) + m*"(A\ (0,00)) = m*
=m"(A)

10



Problem 6 (Exercise 7.4.2)

If A is an open box in R™, and F' is the half-plane E := {(x1,...,2,) € R":
x> 0}, show that m*(A) = m*(ANE)+m*(A\ E).

Proof. Let A be an open box such that A = [, (a;, b;), let E be the half-plane.
Then Since A = (AN E) U (A\ E), thus by subadditivity of the outer measure

m*(A) <m*(ANE) +m*(A\ E)

Now we try to show that m*(A) > m*(ANE)+ m*(A\ E). First, note that A
can be written as A = A; x A,, where A; C R" ! and A, C R. Similarly, E
can also be written into £ = E7 X Ey where 1 C R", E5 C R. Then
AOEQ A1 X (AQQEQ)
m*(A N E) < m*(Al X (AQ N EQ))
=m* (Al)m* (A2 n EQ)

similarly,

A\ E C Ay x (A3 \ E»)
= m*(A\ E) <m" (A1 x (A2 \ Ez))
— m*(A1)m*(As \ Es)

Thus combining the two arguments

m*(AUE)+m*(A\ E)

IN

m*(A1)m* (As N By) +m* (Ay)m”* (4s \ Ey)
m*(A1)(m* (A2 N E2) + m*(Az \ En))
m*(
m*(

“(Ar)m™(Az)
)

*

s

Hence
m*(A) =m*(ANE)+m*(A\ E)

11



Problem 7 (Exercise 7.4.3)

Prove Lemma 7.4.2. (Half-spaces are measurable). The half-space
{(x1,...,2zn) e R" 1 2, > 0}

is measurable.

Proof. Let A C R, E denote the half-space. Then, note that since A = (AN
E)U(A\ E), thus

m*(A) < m*(ANE) +m*(A\ E)

Now, we try to show m*(A) > m*(ANE) +m*(A\ E). Let € > 0, there exist
open cover of A, (A;) such that >, vol(A4;) <m*(A) + e And we know that

ANE<EN|JA;
J
—m*(ANE) <m*(En|JA4))
J

=m*(| JA4;nE)

< Zvol(A)j NE)

ANEC(Ja\E

J

- m*(A\B) < m((J4))\ B)
= (J4,\ B)
< Zvol(Aj \ E)

combining the two arguments we get

m* (ANE)+m*(A\E) <Y m*(4;NE)+ Y m*(4; \ E)

j

= m(4;) <m"(A) +e

This is true for all € > 0, thus m*(ANE) +m*(A\ E) < m*(A). Hence
mlA) =m*(ANE)+m*(A\ E)

So the half-space is measurable. O

12



Problem 8 (Exercise 7.4.4)

Prove Lemma 7.4.4

(a)

If E is measurable, then R™ \ E is also measurable.

Proof. We want to show that for any set A C R"”
m*(A) =m* (AN (R"\ E)) + m*(A\ (R"\ E))
Let A C R", by bayes diagram, we get

m* (AN (R"\ E)) + m*(A\ (R"\ E))
=m*(A\ E) + m* (AN E) = m*(A)

Thus R™ \ F is measurable. O
(b)

(Translation invariance) If F is measureable, and x € R", then = + F is also
measurable, and m(z + E) = m(E).

Proof. We want to show for any set A C R™, we have
m*(A) =m"(AN(E+x)) +m"(A\ (E +z))
Let A C R"™, by translation invariance property of the outer measure,

m(A)=m*"(A—z)=m*"(A—2)NE)+m*"((A—z)\ E)
=m*((A—z)NE+z)+m* (A—2z)\ E+2)
=m"(AN(E+z))+m*(A\ (E+2))

Thus E + z is measurable and the measure would be m*(E + z), hence by
translation invariance of outer measure,

m*(E + z) = m*(E)

13



(c)

If £ and F5 are measurable, then F; N Ey and Ey U Ey are measurable.

Proof. Let A C R", we first divide A into coordinates shown in the following
table

ES | B
By | A4 | Ay
Es | A__ | A _

Table 1: where

Ary =ANE;NEs,
Ay =ANEINES,
A_y = ANE{N E,,
A__=ANE{NES

We first prove the case that E; N E5 is measurable. That is, WTS that for
any A C R"

m*(A) =m* (AN (E1 N E2)) +m* (AN (Ey \ E))
which is equivalent to showing that
m*(A) =m" (A1) +m " (AL UA__UA, )
Since F; is measurable, we know that

=m (

= (A UA, ) +m*(Ay + A__)

=m"(As+ UAL) N Ez) +m™((A4y UAL) \ E2)
+m ((A—y + A )N E2) + m* (A + A__) \ E2)

=m"(Apq) +m"(Ap) +m*(A_1) +m"(A__)

Thus if we show that m*(A_ L UA__UA;_) =m*(Ay_)+m*(A_L)+m*(A__)
then we’re done. But then using that F; and Fs are measurable, we know

Thus
m*(A) =m* (AN (E1NEy))+m (AN (E1\ Ey))

FE;1 N E5 is measurable.

14



Now to prove that Fy U FEs is measurable, we try to show that for every
ACR"

which is equivalent to showing
m* (A) =m* (A4t UAL_UA_ )+ m*"(A__)
Thus if we show that
m Ay UAL_UA_) =m™(Arq) +m"(Ap-) + m"(A_y)
then we are done. By similar argument, since F;, F5 are both measurable, thus
m Ay UAL_UA_L) =m"(Apq) +m™(Ap-) +m"(A_y)

And so E; U F5 is measurable. O

(d)

(Boolean algebra property) If Ey, Es, ..., Ex are measurable, then U;Y:I E; and
ﬂjyzl E; are measurable.

Proof. We prove the claim by combining mathematical induction with property
(¢) of measurable sets.

For N = 2, property (c) shows that both E1NEs and F;UFE5 are measurable.
Suppose when N = n, that U;v:1 E; and ﬂjvzl E; are both measurable, then

N+1 N

U E =JE UEvn
j=1 j=1

and
N+1 N

(N Ei=()EiNEnn
j=1 j=1
, since Ujvzl E;, ﬂ;vzl E;,En41 are all measurable, applying (c), we get that
ﬂ;vjll E; and U;V:ll E; are both measurable.

Thus by mathematical induction, for all N € Nxg, U;vzl E; and ﬂ;vzl E;
are measurable.

(e)
Every open and closed boxes are measurable.

Proof. Since boxes are translations and intersection of half spaces, thus mea-
surable. O

15



(f)

Any set F of outer measure zero (i.e. m*(E) = 0) is measurable.
Proof. By finite subadditivity, let A C R",
m*(A) <m*(ANE)+m*"(A\E)
thus it suffices to show
m*(A) > m*(ANE)+m*(A\ E)
By monotonicity, since AN E C E, thus

m*(ANE) <m*(E) =0

, thus
m*(ANE)=0
. Thus now if we show that m*(A) > m*(A\ E), then we’re done, but this is
true also by monotonicity, since A\ F C A. Thus
m*(A) >m* (ANE)+m*(A\ E)
and so F is measurable. O
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