
8.3.2.
(a)

If c ≥ 0 then

c

∫
Ω

f = c

(∫
Ω

f+ −
∫

Ω

f−
)

= c

∫
Ω

f+ − c
∫

Ω

f−

=

∫
Ω

cf+ −
∫

Ω

cf−

=

∫
Ω

(cf)+ −
∫

Ω

(cf)−

=

∫
Ω

cf

If c ≤ 0 then

c

∫
Ω

f = c

(∫
Ω

f+ −
∫

Ω

f−
)

= c

∫
Ω

f+ − c
∫

Ω

f−

= −
∫

Ω

−cf+ +

∫
Ω

−cf−

= −
∫

Ω

(−cf)+ +

∫
Ω

(−cf)−

= −
∫

Ω

(cf)− +

∫
Ω

(cf)+

=

∫
Ω

cf
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(b)
First, note that if h : Ω→ R is non-negative and measurable,
and Ω = A tB, then ∫

Ω

h

=

∫
Ω

(χAh+ χBh)

=

∫
Ω

χAh+

∫
Ω

χBh

=

∫
A

h+

∫
B

h

by additivity.

Second, define:
Af = f−1([0,+∞))

Nf = f−1((−∞, 0))

Ag = g−1([0,+∞))

Ng = g−1((−∞, 0))

F = {ω ∈ Ω | |f(ω)| ≥ |g(ω)|}

G = {ω ∈ Ω | |f(ω)| < |g(ω)|}

Third, note that

Ω = Af tNf

= Ag tNg

= F tG

Fourth, note that for any absolutely integrable function h : Ω→ R and any S ⊆ Ω:

h−1((0,+∞)) ⊆ S ⊆ h−1([0,+∞)) =⇒
∫

Ω

h+ =

∫
S

h (1)

h−1((−∞, 0)) ⊆ S ⊆ h−1((−∞, 0]) =⇒
∫

Ω

h− =

∫
S

−h (2)

Each integrand is non-negative.

Fifth, in the above (fourth), let h = f + g.

• If S = (Af ∪G) ∩ (Ag ∪ F ), then (1) holds.

• If S = (Nf ∪G) ∩ (Ng ∪ F ), then (2) holds.
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What remains is a large number of integrals.∫
Ω

(f + g) =

∫
Ω

(f + g)+ −
∫

Ω

(f + g)−

=

∫
(Af∪G)∩(Ag∪F )

(f + g) −
∫

(Nf∪G)∩(Ng∪F )

−(f + g)

=

(∫
Af∩Ag

(f + g) +

∫
Af∩Ng∩F

(f − (−g)) +

∫
Ag∩Nf∩G

(g − (−f))

)

−

(∫
Nf∪Ng

((−f) + (−g)) +

∫
Nf∩Ag∩F

((−f)− g) +

∫
Ng∩Af∩G

((−g)− f)

)

Note that if a, b : Ω→ R are non-negative functions with a ≥ b, then∫
a =

∫
(a− b) +

∫
b

∫
(a− b) =

∫
a−

∫
b

So our 6 integrals split into these 12:(∫
Af∩Ag

f +

∫
Af∩Ag

g

+

∫
Af∩Ng∩F

f −
∫
Af∩Ng∩F

(−g)

+

∫
Ag∩Nf∩G

g −
∫
Ag∩Nf∩G

(−f)

)

−

(∫
Nf∪Ng

(−f) +

∫
Nf∪Ng

(−g)

+

∫
Nf∩Ag∩F

(−f)−
∫
Nf∩Ag∩F

g

+

∫
Ng∩Af∩G

(−g)−
∫
Ng∩Af∩G

f

)
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which can also be written as (∫
Af∩Ag

f+ +

∫
Af∩Ag

g+

+

∫
Af∩Ng∩F

f+ −
∫
Af∩Ng∩F

g−

+

∫
Ag∩Nf∩G

g+ −
∫
Ag∩Nf∩G

f−

)

−

(∫
Nf∪Ng

f− +

∫
Nf∪Ng

g−

+

∫
Nf∩Ag∩F

f− −
∫
Nf∩Ag∩F

g+

+

∫
Ng∩Af∩G

g− −
∫
Ng∩Af∩G

f+

)

Combining integrals that have the same integrand,
we simplify to 4 intgrals: (∫

Ω

f+ −
∫

Ω

f−
)

+

(∫
Ω

g+ −
∫

Ω

g−
)

which equals ∫
Ω

f +

∫
Ω

g

Recalling how this all started, we find ∫
Ω

(f + g) =

∫
Ω

f +

∫
Ω

g

4



(c)
g − f is absolutely integrable and ≥ 0, hence∫

Ω

(g − f) ≥ 0

By (b), ∫
Ω

g

=

∫
Ω

(f + (g − f))

=

∫
Ω

f +

∫
Ω

(g − f)

≥
∫

Ω

f
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(d)
Let Z be the zero set

Z = {ω ∈ Ω | f(ω) 6= g(ω)}

Note that if h : Ω→ R is non-negative and measurable, then∫
Ω

h

=

∫
Ω

(χΩ\Zh+ χZh)

=

∫
Ω\Z

h+

∫
Z

h

=

∫
Ω\Z

h+ 0

=

∫
Ω\Z

h

by (b).
From this we deduce ∫

Ω

f

=

∫
Ω\Z

f

=

∫
Ω\Z

g∫
Ω

g
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8.3.3.
g − f is absolutely integrable and ≥ 0, hence ∫

R
(g − f) ≥ 0

∫
R
g =

∫
R
f +

∫
R
(g − f)∫

R
(g − f) =

∫
R
g −

∫
R
f = 0

By Proposition 8.2.6(a), it follows that
g − f = 0 a.e.

f = g a.e.
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