Rudin 12.
The range of f is a torus. We might say it has “radius” b and “thickness” a. (This is a 2D surface.)

(a)

For any (s,t) € R? we have
(Df1)(s,) = [—asin(s) cos(t) —(b+ acos(s))sin(t)]
When this is [0 0], we have
—(b+ acos(s))sin(t) =0

Equivalently, 0 € {b+ acos(s),sin(¢)}.
Since |a cos(s)| < |b|, we find that
b+ acos(s) #0

hence

sin(t) =0
We also have

sin(s) cos(t) =0

Since sin(t) = 0, we have cos(t) = 0 and therefore

sin(s) =0
So the equality

(Df)sn =10 0]

holds only if sin(s), sin(t) = 0, and clearly the converse is true as well.
Equivalent to “sin(s),sin(t) = 0” is the following pair of equations:

s = kgm for some kg € Z

t =k for some k; € Z
When s,t are as above, we find that f(s,t) can be any one of the four vectors specified by:
+b+a

0
0

(b)

For any (s,t) € R? we have
(Df3)(s,) = [—acos(s) O]
For this to be [0 O} is equivalent to
—acos(s) =0

s:g—&—k‘ for some k € Z

So the set in question is the image of all (s,t) € R? such that s satisfies the above equation. It is the
set

{f(s,t) ’ s=—+k forsomekeZ}

2
b cos(t)
=< |bsin(t)| |teR
*a



Clearly, for any (s,t) € R
—b—a< f(s,t)<b+a

So the points

—-b—a b+a
0 , 0
0 0

found in part (a) correspond to a local minimum and a local maximum of f;, respectively.
The other two points correspond to

fi(s,t) = £(b—a)

and are not local extrema of fi.



Rudin 13.
Let t € R. We may write, uniquely,
f'(t) = a+ kf(t)

with a- f(t) = 0. Fix a and k as above.
Suppose that

f'(t) - £(t) #0
For any h € R, we have
f(t+h) =f£(t) + hf'(t) + R(h)

£(t+ h) = £(t) + h(a + kf(t)) + R(h)
f(t +h) = (1 + hk)f(t) + ha+ R(h
(1 + hk)E(t) + ha = f(t + h) — R(h

~— ~—

Since a - f(t) = 0, we have
|14 hk| = |1+ hk||f(t)|rs < |(1+ hk)E(t) + ha|gs

We also have
[£(t +h) — R(h)[rs < [£(t + h)|rs + [R(P)|rs

This gives
[14 hk| < |f(t+ h)|gs + |R(R)|gs

Now, choose an h sufficiently small and with appropriate sign, so that

[R(h)|ps < |hk|
hk >0
This gives
14 hk = |1+ hk| < |f(t + h)|gs + |R(R)|gs
1 <1+ (hk — [R(h)[rs) < [£(E + h)[rs+
So

[£(t + h)|gs # 1

which we know to be false. From this contradiction, we determine that

f'(t)-£(t) =0
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Pugh 14.
Given a linear transformation 7' : R” — R™, define

M = max |Tej|gn

and note that
M <||T|| £ nM

The first inequality is immediate and the second was shown in a previous homework.

(a)

Not open.
We'll prove this for n = 2; the general case is similar. We'll show that
1 0
= ]
is not in the interior of the set. Since it is also a member of the set, this will prove that the set is not
open.
Let € > 0. For any ¢ € R with
€
0<|e| <=
n
we let
0 ¢
=0 )
This gives M = |¢| and
IT]| < nle| <e
Yet the matrix
1 ¢
rer=]t g

is not diagonalizable. So there are non-diagonalizable matrices arbitrarily close to I, hence it is not in
the interior of the set, so the set is not open.

(b)
Not closed.
We’ll prove this for n = 2; the general case is similar. Consider a sequence of matrices

11
=l 1]

such that ¢ — 0 as k — 0o, but each ¢ is nonzero.
For any k € N, T} is diagonalizable, but the limit of the T} is clearly

11
0 1
which is not diagonalizable.

(c)
Not dense.
We’ll prove this for n = 2; the general case is probably similar. Consider the non-diagonalizable matrix

=11 ]



We will show every matrix sufficiently close to 1" has non-real eigenvalues, and hence is also non-
diagonalizable. This will show that T is not in the closure of our set, so the set is not dense.

Let )
A=l
be some matrix. We have
T+A= Lic _1d+b]

Wolfram Alpha reveals that the eigenvalues of T+ A are

A = 2(£Va? — 2ab + dbc + 4b — dc + 1% — 4+ a+ b)
When A is small, M will also be small, so a, b, ¢,d will all be small, hence the radicand
a’? —2ab+ 4bc+4b — dc+ b — 4

will be close to —4. In particular, it will be negative, so the eigenvalues will be non-real.
Hence, all the matrices within a certain small radius of T are non-diagonalizable (as real matrices).
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