Math 105, Homework 2

by David Alcalay

Taught in Fall 2021.



Note: I proved Lemma 1 before proving Lemma 0, and used Lemma 1 in my proof of Lemma 0.

Lemma O:
Claim. Let E, F C R"™ with dist(E,F) > 0. Then m*(EUF) =m*(E) +m*(F).

Proof. (We assume Lemma 1.) Since dist(£, F) > 0, there are open sets A, B such that £ C A,
F C B, and AN B = (). For all such open sets small enough, the finite additivity of outer measure
gives m*(AU B) = m*(A) + m*(B). Note that if A, B are open sets covering F, F' respectively,
then AU B covers EU F, and if C' is an open set covering F U F, then C covers both F and F
individually as well. Hence the collection of open sets covering F U F' is precisely the collection of
unions of any open set covering E with any open set containing F'. Thus combining the above with

Lemma 1 we get

m*(EUF) =inf {m*(U) | U open and EUF C U}
= inf {m*(U) | U open and E C U} + inf {m*(U) | U open and F C U}
=m*(E)+m*(F).

Lemma 1:
Claim. Let A CR"™. Then m*(A) = inf {m*(U) | U open and A C U}.
Proof. Let A CR™. Then
m*(A) = inf {Z]BM | {B} covers A}
= inf {inf {Z|Bk| | {Bx} covers U} | AC U and U open }

Now if U is an open set, then U is a countable union of open boxes {V;V} and therefore m*(U) =
S°[VY|. then m*(A) < 3°|V}Y| for all open sets U with A C U. Then

m*(A) < inf {Z|VkU\ | U open and A C U}
= inf {m*(U) | U open and A CU}.

We now want to show m*(A) > inf {m*(U) | U open and A C U}.
Suppose for contradiction that m*(A) < inf {m*(U) | U open and A C U}. Then

inf {Z‘Bk’ | {By} covers A} < inf {m*(U) | U open and A C U}
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which implies there exists a covering {Bil} of A such that 3°|B;!| < m*(U) for all U open with
A C U. Since for each U open such that A C U there exists ¢ > 0 such that>"|B{}| = m*(U) + ey,
we have m*(U \ U, Bf!) > ey > 0. Then for each k, there exists d; > 0 such that where Bj} =
[T, (as, b;) we have

with
AcBlcUBLcU
k k
and therefore
m*(A) <Y B < Y |Bil < m*(U).

But since |J,, By, is an open set, by the last inequality in the chain above we have
(1) B <m* (B =D _IBil,
k

which is a contradiction. O

Lemma 2:

Claim. If {E;} is a countable collection of measurable sets, then |J, E; is measurable.
Proof. For each ¢, and for each ¢ > 0, there exists U; such that U; is open with F; C U;, and
m*(U; \ E;) < €/2'. Let U = |J,U; and E = |J; E;. Then U \ E = |J,(U; \ E;) (Prove this! I'm
confident it’s true, but haven’t made my argument rigorous.) and we have

m*(U\E) =m* (| JWUi\ E)) <> m*(Ui\E;) <> /2" =

and therefore F is measurable. O

Lemma 3:

Claim. FEvery closed subset of R™ is measurable.

Proof. If F is closed, then F' = G U JG where OG is the boundary of F' (i.e. 9G = cl(G) N cl(G°),
where cl() is the topological closure operation). G, being an open set, can be written as the
countable union of open sets {G;}, which in turn can be written as the countable union of open
balls B(xz;,€;) centered at z; with radius ¢; for some countable collection of points x; € R™ and

values ¢; > 0. So

F= (U B(zi,ei)> U aa.
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We'll show that 0G = |J,(9G;).

x € OG if and only if x ¢ G and for each open ball B(z,€) there exists g € G such that
g € B(x,€). This is true if and only if x ¢ G; for each i and for each open ball B(x,€) there exist
gj € Gj for some j such that g; € B(x,€). This is true if and only if z € 0G; for some i. Thus
0G =, 0G;.

Then

cl(G;) is bounded if we take {G;} to be one of the collections comprised of a countable number of
open balls, as each open ball G; is bounded. Then cl(G;) is a closed and bounded, and therefore
compact, subset of R”.

We now just need to show that any compact subset of R” is measurable.

Let X C R™ be compact. Since X is compact, there are closed n intervals {[a;, b;]} such that
[T [a:, bi] contains X. Then for each € > 0, we have an open set U of the form

n

U = [](ai — €/(2n),b; + ¢/(2n))

i=1
so that X C U. Let R = Q" NU, and well-order R by <. Let ¢; be the ¢’th term in the well
ordering (R, <). For each i, let ¢; ; denote the j’th coordinate of ¢; and let

(2) U = [[(aij — e/(n271), qij + ¢/ (n2F1)).
Jj=1

The collection {U;} is a countable open covering of X and hence can be reduced to a finite subcover
{U@l, ey Uz,k} and

Ze/Qj =e.

j=

k 0o
S Uil <> Uyl =
j=1 j=1

Let U = U;?:l Ui j. Since X C U and so is U \ X, finite sub-additivity and teh above inequality

gives

00
1

m* U\ X) <m*(U) <e.



Lemma 4:

Claim. If E is measurable, then E° is measurable.

Proof. Suppose E is measurable. Then for each ¢ > 0 there exists an open set U, such that £ C U,
and m* (U, \ E) < €. For each ¢, let Ge = (US) U (U \ E) = E° (where A° denotes the complement
of A for any set A).

U is closed since U, is open. Their boundary, U, is defined to be

AU, = cl(US) N el(U,) = US N cl(UL)

where cl is the closure operation for usual topology on R™ induced by the usual metric on R", and
where the last equality holds because US = cl(U¢) since U¢ is closed.
Let ¢ = {U} and A =), 9U¢. Together, (Upey C) UA = E-. O

Now I need to prove that A has measure zero.

0A has empty interior for any set A and hence contains no open interval. We have R" =
AU (A€)° U OA for any subset A of R™ where A° is the interior of A. Since R™ is closed, if A is
open, then since A° is open as well, it follows that JA is closed. Then Lemma 3 implies that A is
measurable. Since {Uf/k} | k € N} C ¢ is a countable collection of open sets, we have J; oy Uiy,

is open and thus measurable, we have E¢ being the union of two measurable sets:

keN

it follows that E° is measurable.



