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Note: I proved Lemma 1 before proving Lemma 0, and used Lemma 1 in my proof of Lemma 0.

Lemma 0:

Claim. Let E,F ⊆ Rn with dist(E,F ) > 0. Then m∗(E ∪ F ) = m∗(E) +m∗(F ).

Proof. (We assume Lemma 1.) Since dist(E,F ) > 0, there are open sets A,B such that E ⊆ A,

F ⊆ B, and A ∩B = ∅. For all such open sets small enough, the finite additivity of outer measure

gives m∗(A ∪ B) = m∗(A) + m∗(B). Note that if A,B are open sets covering E,F respectively,

then A ∪ B covers E ∪ F , and if C is an open set covering E ∪ F , then C covers both E and F

individually as well. Hence the collection of open sets covering E ∪ F is precisely the collection of

unions of any open set covering E with any open set containing F . Thus combining the above with

Lemma 1 we get

m∗(E ∪ F ) = inf {m∗(U) | U open and E ∪ F ⊆ U}

= inf {m∗(U) | U open and E ⊆ U}+ inf {m∗(U) | U open and F ⊆ U}

= m∗(E) +m∗(F ).

Lemma 1:

Claim. Let A ⊆ Rn. Then m∗(A) = inf {m∗(U) | U open and A ⊆ U}.

Proof. Let A ⊆ Rn. Then

m∗(A) = inf
{∑

|Bk| | {Bk} covers A
}

= inf
{
inf
{∑

|Bk| | {Bk} covers U
}
| A ⊆ U and U open

}
.

Now if U is an open set, then U is a countable union of open boxes {V U
k } and therefore m∗(U) =∑

|V U
k |. then m∗(A) ≤

∑
|V U

k | for all open sets U with A ⊆ U . Then

m∗(A) ≤ inf
{∑

|V U
k | | U open and A ⊆ U

}
= inf {m∗(U) | U open and A ⊆ U} .

We now want to show m∗(A) ≥ inf {m∗(U) | U open and A ⊆ U}.
Suppose for contradiction that m∗(A) < inf {m∗(U) | U open and A ⊆ U}. Then

inf
{∑

|Bk| | {Bk} covers A
}
< inf {m∗(U) | U open and A ⊆ U}
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which implies there exists a covering {BA
k } of A such that

∑
|BA

k | < m∗(U) for all U open with

A ⊆ U . Since for each U open such that A ⊆ U there exists ϵU > 0 such that
∑

|BA
k | = m∗(U)+ ϵU ,

we have m∗(U \
⋃

k B
A
k ) ≥ ϵU > 0. Then for each k, there exists δk > 0 such that where BA

k =∏n
i=1(ai, bi) we have

B′
k =

n∏
i=1

(ai − δk, bi + δk)

with

A ⊆
⋃
k

BA
k ⊊

⋃
k

B′
k ⊊ U

and therefore

m∗(A) ≤
∑

|BA
k | <

∑
|B′

k| < m∗(U).

But since
⋃

k B
′
k is an open set, by the last inequality in the chain above we have

(1)
∑

|B′
k| < m∗(

⋃
k

B′
k) =

∑
|B′

k|,

which is a contradiction.

Lemma 2:

Claim. If {Ei} is a countable collection of measurable sets, then
⋃

iEi is measurable.

Proof. For each i, and for each ϵ > 0, there exists Ui such that Ui is open with Ei ⊆ Ui, and

m∗(Ui \ Ei) < ϵ/2i. Let U =
⋃

i Ui and E =
⋃

iEi. Then U \ E =
⋃

i(Ui \ Ei) (Prove this! I’m

confident it’s true, but haven’t made my argument rigorous.) and we have

m∗(U \ E) = m∗(
⋃
i

(Ui \ Ei)) ≤
∑
i

m∗(Ui \ Ei) <
∑
i

ϵ/2i = ϵ

and therefore E is measurable.

Lemma 3:

Claim. Every closed subset of Rn is measurable.

Proof. If F is closed, then F = G ∪ ∂G where ∂G is the boundary of F (i.e. ∂G = cl(G) ∩ cl(Gc),

where cl() is the topological closure operation). G, being an open set, can be written as the

countable union of open sets {Gi}, which in turn can be written as the countable union of open

balls B(xi, ϵi) centered at xi with radius ϵi for some countable collection of points xi ∈ Rn and

values ϵi > 0. So

F =

(⋃
i

B(xi, ϵi)

)
∪ ∂G.
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We’ll show that ∂G =
⋃

i(∂Gi).

x ∈ ∂G if and only if x ̸∈ G and for each open ball B(x, ϵ) there exists g ∈ G such that

g ∈ B(x, ϵ). This is true if and only if x ̸∈ Gi for each i and for each open ball B(x, ϵ) there exist

gj ∈ Gj for some j such that gj ∈ B(x, ϵ). This is true if and only if x ∈ ∂Gi for some i. Thus

∂G =
⋃

i ∂Gi.

Then

F =

(⋃
i

Gi

)
∪

(⋃
i

∂Gi

)
=
⋃
i

(Gi ∪ ∂Gi)

=
⋃
i

cl(Gi).

cl(Gi) is bounded if we take {Gi} to be one of the collections comprised of a countable number of

open balls, as each open ball Gi is bounded. Then cl(Gi) is a closed and bounded, and therefore

compact, subset of Rn.

We now just need to show that any compact subset of Rn is measurable.

Let X ⊆ Rn be compact. Since X is compact, there are closed n intervals {[ai, bi]} such that∏n
i=1[ai, bi] contains X. Then for each ϵ > 0, we have an open set U of the form

U =
n∏

i=1

(ai − ϵ/(2n), bi + ϵ/(2n))

so that X ⊊ U . Let R = Qn ∩ U , and well-order R by ≺. Let qi be the i’th term in the well

ordering (R,≺). For each i, let qi,j denote the j’th coordinate of qi and let

(2) Ui =

n∏
j=1

(qi,j − ϵ/(n2i+1), qi,j + ϵ/(n2i+1)).

The collection {Ui} is a countable open covering of X and hence can be reduced to a finite subcover

{Ui,1, . . . , Ui,k} and
k∑

j=1

|Ui,j | <
∞∑
j=1

|Uj | =
∞∑
j=1

ϵ/2j = ϵ.

Let U =
⋃k

j=1 Ui,j . Since X ⊆ U and so is U \ X, finite sub-additivity and teh above inequality

gives

m∗(U \X) ≤ m∗(U) < ϵ.
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Lemma 4:

Claim. If E is measurable, then Ec is measurable.

Proof. Suppose E is measurable. Then for each ϵ > 0 there exists an open set Uϵ such that E ⊆ Uϵ

and m∗(Uϵ \E) < ϵ. For each ϵ, let Gϵ = (U c
ϵ ) ∪ (Uϵ \E) = Ec (where Ac denotes the complement

of A for any set A).

U c
ϵ is closed since Uϵ is open. Their boundary, ∂Uϵ is defined to be

∂Uϵ = cl(U c
ϵ ) ∩ cl(Uϵ) = U c

ϵ ∩ cl(Uϵ)

where cl is the closure operation for usual topology on Rn induced by the usual metric on Rn, and

where the last equality holds because U c
ϵ = cl(U c

ϵ ) since U c
ϵ is closed.

Let C = {U c
ϵ } and ∆ =

⋂
ϵ ∂U

c
ϵ . Together,

(⋃
C∈C C

)
∪∆ = Ec.

Now I need to prove that ∆ has measure zero.

∂A has empty interior for any set A and hence contains no open interval. We have Rn =

A ∪ (Ac)◦ ∪ ∂A for any subset A of Rn where A◦ is the interior of A. Since Rn is closed, if A is

open, then since A◦ is open as well, it follows that ∂A is closed. Then Lemma 3 implies that ∆ is

measurable. Since {U c
1/k} | k ∈ N} ⊆ C is a countable collection of open sets, we have

⋃
k∈N U c

1/k

is open and thus measurable, we have Ec being the union of two measurable sets:

Ec =
⋃
k∈N

U c
1/k ∪∆

it follows that Ec is measurable.
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