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Tao, Analysis II, Lemma 7.2.5
Empty Set
Claim. m*(0) = 0.

Proof. In R™, the open box {(x1,...,2,) € R" | 2; < 1/€"} covers () for each € > 0. Then m*()) < e
for each € > 0, and so by positivity (proven next) we have m*(() = 0. O

Positivity
Claim. 0 < m*(Q) < +o0 for every measurable set §Q.

Proof. The upper bound of the inequality is immediate. For the lower bound, for any Q, m*(2) is
the infimum over a set of sums of nonnegative numbers, i.e. the infimum over a set of nonnegative

numbers. Clearly, the infimum of such a set is nonnegative. O

Monotonicity
Claim. If AC B CR", then m*(A) < m*(B).

Proof. If { By} is an open box covering of B, then it covers A as well. Hence the sum of the volumes
of the By’s in the covering is greater than or equal to the infimum over the sum of volumes of the

open box coverings of A. O

Finite Sub-Additivity
Claim. If (Aj)jecs is a finite collection of subsets of R™, then m (U]EJA < ZJEJm (A;).

Proof. Let

A: Aj,
J

S
W; = {Z|Bk| | {Bk} is a countable open box cover of Aj} for j € J,
k

Z|Bk| | {By} is a countable open box cover of A} , and
k

Y = Z Z|B] k|| For some j € J,{Bj} is a countable open box cover of A;



Then X CY. We thus have

Countable Sub-Additivity
Claim. Suppose (4;)jey is a countable collection of subsets of R™. Thenm™({U,c; Aj) < 32 ;e m"(4;).

Proof. Suppose (A4;);es is a countable collection of subsets of R™. We can well order the collection,
denoted now by (A, )men. Let A = UjeJ A;. We have

m*(A)) = inf {Z|Bk | {By} is a countable open box cover of A}
k

p
< Zm*(A,) forpe N

= Z inf { |B| | {Bg} is a countable open box cover of Al}
=1 k

< Z inf {Z|Bk’| | {By} is a countable open box cover of Al}
i=1 k

S,
jedJ

Translation Invariance
Claim. Let Q CR" and z € R"™. Then m*(z + Q) = m*(Omega).

Proof. 1f { By} is a countable open box cover of €2, then {x + By} is a countable open box cover of

x + Q. Given any By, in the countable open box cover of 2, with volume |By|, = + By, has the same



volume. Thus the sets

W = {Z|Bk| | {Bx} is a countable open box cover of Q} ,
k

X = {Zp: + By| | {Bx} is a countable open box cover of Q} , and
k

Y = {Z|Dk’ | {Dg} is a countable open box cover of x + Q
k

are all equal and we get m*(Q) = inf W =inf Y = m*(z + Q). O

Tao Exercise 7.2.2
Claim. Let ACR", B CR™. Then m}_.,.(AB) <m!(A)m},(B).

n+m m

Proof. For convenience, we’ll use the abbreviation COBC, which will stand for “countable open-box

cover.” By definition, we have
m’ (A x B) = inf {Z|Xk\ | {X)} is a COBC of A x B}

For each COBC 2" = {X}} of A x B, for each X}, € 27, we can write X, = Cy 1, x Cpj where
Car CR" and Cpj € R™. For each Xj, € 27, X}, is of the form

n m
Xk = HL‘ X H Jj
1=1 j=1

where for each 7,j with 1 < i < nand 1 < j < m, I; and J; are open intervals in R. Clearly
[y I; = Cay and HTzl I; = Cp, meaning both Cyj and Cpy are open boxes in R and R™
respectively, with |X| = |Ca||Cp,k|. Then we have

My, (AXB) = inf {Z‘CAJ:HCB,M | {Xk} is a COBC of A x B and for each k we have X}, = Cyj X CB,k}

Since we have the inequality

SICaxliCril < (YICarl) (3ICh

)
Jnt {37ICuuICs I} <t {(3T1Cax) (XIChA]) }

where % is the collection of all COBCs of A x B. The left hand side of the above equation is
m:ﬂrm (A x B )

it follows that



Now, if 2" = {X}} is a COBC of Ax B, {Ca}is a COBC of A, and {Cpy} is a COBC of B.
Conversely, if {A} is a COBC of A, then {A; xR™} is a COBC of A x B, and if { B} is a COBC of
B, then {R" x By} is a COBC of A x B. Hence {A} is a COBC of A if and only if {Ay} = {Ca i}
for some COBC {X}} of A x B, and {By} is a COBC of B if and only if {B} = {Cp} for some
COBC {X}} of Ax B. Then if &/ and Z are the collections of all COBCs of A and B respectively,

nf {3 1Cul} = {Agfw{me} = m}(4)

and

}Igg{z‘CBk } - {Bigfe%{ZWk\} =m} (B)

and we therefore have
M (A X B) < mii(A)mi (B)

m

Tao Exercise 7.2.3, Part (a)

Claim. Let (Aj)jen be a sequence of increasing measurable subsets of R™, where R" is equipped

with an arbitrary measure m. Then

Proof.
Claim (Subclaim 1.). lim;_,oo m(A4;) < m(A).

Proof. For any j, any COBC of A is a COBC of A;. Also, for any z,j with j <z, a COBC of A4,
is a COBC of A;. It follows that

m(A;) = inf {Z\Bk! | {By} is a COBC of Aj}
< inf{Z|Bkl | z > j and {By} is a COBC of Ax} =m(A,) (j<uz)

< inf {S{Bu}| | {By} is a COBC of A} = m(A).

Since the sequence (m(A;))jen is monotonically increasing and bounded above by m(A), we have
im0 m(A;) < m(A). O

Claim (Subclaim 2.). m(A) < lim;_,oc m(A4;)



Proof. Suppose m(A) > lim;_,oc m(A;). Then m(A) = lim;j_,oc m(A;) + € for some € > 0. That is,

for each j there exists some €; > 0 such that
inf {Z|Bk\{Bk} is a COBC of A} — inf {Z|Bj7k\ | {B;x} is a COBC of Aj} +ej.

Since every COBC of A is a COBC of A; for each j, there is a subset o of A with nontrivial measure
disjoint from each Aj;. In particular, for each j, there exists a COBC € of A; with aNJpey C = 0.
But A; C UceyC hence AjNa =0 for each j. Then (J;Z; A; C A, which is a contradiction. [

We’ve shown that m(A) < lim;_,oc m(A;) < m(A), and therefore m(A) = lim;j_,oc m(4;). O

Tao Exercise 7.2.3, Part (B)

Claim. Let (Aj)jen be a sequence of decreasing measurable subsets of R™, where R" is equipped
with an arbitrary measure m, and m(Ay) < +o0o. Then

Aj = lim m(A])

Jj—00

3
Y

1

J
Proof. Let A= (2, A;j.
Claim (Subclaim 1.). m(A) < limj_,o m(A4;).

Proof. Any COBC of A is a COBC of A; for each j. For any x > j, any COBC of A; is a COBC

of A,. For each j, we thus have
m(A) = inf {Z|Bk\ | {By,} is a COBC of A}
< inf {Z|Bk\ | {B),} is a COBC of A,z > j}
=m(A;) where z > j
< inf {Z|Bk\ | {B}} is a COBC ofAj}
= m(4;).

Since (m(A;));en is a monotonically decreasing sequence bounded below by m(A) (which is in turn
bounded below by 0), we have m(A4) < lim;_,o m(A;) O

Claim (Subclaim 2.). lim;_,oc m(A4;) < m(A).

Proof. Suppose lim;_,oc m(A;) > m(A). Then lim;_,oo m(A;) = m(A) + € for some € > 0. Then for

each j there exists some €; > 0 such that

inf {Z|Bj,k\ | {B;} is a COBC of Aj} — inf {Z\Bk] | {By} is a COBC of A} +e.

5



Since every COBC of A; is a COBC of A, for each A; there is a subset «; of A; with notrivial
measure such disjoint from A.

Then the intersection o = |, ¢ is also disjoint from A. I need to argue o is nonempty with

jEN
positive measure. But how?
Then (ﬂjeJ Aj) Na =0, but « C A; for every j, which is a contradiction. O

We have shown that m(A) < lim;j_,oo m(A;) < m(A), hence we have m(A) =lim;_,oc A;. O

Tao Exercise 7.2.4

Claim. Let g > 1 be a positive integer. Then the open and closed bozes (0,1/q)™ and [0,1/q)™ each

have measure ¢~ .

Tao Exercise 7.4.1
Tao Exercise 7.4.2
Tao Exercise 7.4.3

Tao Exercise 7.4.4



