
 

today Review for midterm 2
series and convergences ratio test roottest integral test

alternatingseriestestMetric space and topology

continuous maps between metric space
L uniform continuity

Convergence of a sequence of functions

Metric A set X together with a distance function

dl Xxx R such that triangleinequality
y

dcx.gl tally 27 7 dex2 H x y Z E X
x Z

T.no n cT i X dx a metric space

SC X subset we define dg Sx S R
dscx y dxlx.gl Vx.ge S

TopologyLof ametriespace i X dx a metre
spqfea.ge

For a subset UC X we say U is open Lonigif FpEUtheopenhall
If o sit Bscp XE XI depx 83 is contained in U

We verified that the collection of open subsets inX
K

satisfies the 3 axioms

X 01 are open
The union of an arbitrary collection of
open sets is open
The intersection of finitely many open subset



of y
is open

we get a topology on X

Closed set F C X is closed iff Ec is open

Rmk_ it is possible to have subset both open and closed

eg X and

open and closed are relative notion we should

say a subset S of a Cambiawt topological space X
is open or closed

Compactset Let X be a topological space K C X
is compact iff f open cover of k there
exists a finite subcover

sequential Compactness Let X be a metric space

K G X is seq compact if it sequences in K
there exists a convergent subsequence 1with the limit point

also in k

compactness sequential compactness

Heine Borel A subset K CR is compact



37 K is closed and bounded

ingenue g in a metricspace

compactness closed bounded

closed subset of compactset is compact

Compact set is an absolute notion we can say K
is a compact set without specifying the ambient space

Connectedness A topSpace X is connected iff
X cannot be written as a disjoint union of two
non empty open subsets

F C R is connected 4 7 H x y EE such that x y
we have Exif CE

connected set in IR are of the form aib Ea b
a b Ta b

These were in Rudin Ch2

Continuousmaps i Let f X dx CYdy be a

map between metric spaces Three def'n for continuity

Defy Vxc X HE O IS o sit

f Bsa c Bscfun
y fcx



Deff HXEX a limit pointof X we require

time fitsi f

notionof limit
of a function

Defs For any open subset Vc Y f V is

an open subset of X

Property if f X Y cts Kc X compact

then f k is compact

127 if fi X Y cts K C X is connected

then f k is connected

Uniformcontinuity a concept for map between metric spaces

f X dx CY dy is uniformly continuous if
THE o 1 870 such that Vx y c X if dcx.gs S
then dcfcxi.fm s E

Ex non unit continuous function fix XZ on R

or fix sin xt x c o.o

The If fi X Y cts X is compact

then f is unif continuous



Ch4 of Rudin TT

Sequences of function and convergence

Let fn X Y be a sequence of fan between

metric space Let fi X Y be a fan We say
f n ftp.T if b XE X

Iim facx fix
n o

Inigo Ifn fix1 0

we say fn sfTnif
ifdimCsEPx.lfn.tful O

dplfn.FI 9

Examples abort the difference running humps squeezing
hump

fn Gox h v I a bump running to the right

fn 70 ptuise but not uniformly

fix x n fn o ptwise but not

uniformly

ChlofRadin first 3 sections

Problems i

CD A metric space X d is said to satisfy



I 7

ultra property if U xiy.EE X stronger notion

dCXiZ E max dexy d y z of triangle ing
comparewith

Pettit If qe Brcp then y
d dX'd

Brad Brig
i.e any point in a given open ball can be used

x
as the center

gPI We need toshow Brcp G Brig
and Brcp 3 Breg For any x CBrcp

dexp s r

Then dex g E Max dcp.gs dlx.pl
since dcpg s r dcx.pl er hence max of the 2 r

Then dexg s r

For any XE Bncg we have dexg er

Then dcx.pl E Max dex g a dig a r

Exofaultrametocspace i

X IQ Fix p 0 a prime number

Then any XE IQ can be written as

X p I 2 K B EINB
d f has no common factor



and nofactors of p

We define a norm HXHp pti 11011 0

Ex p 3 115Hp L 11311 13

k34lp 11 Hp 3

Claim H x y E Q we have

Max HXHp Hyllp 3 HxtyHp

Pf If WHP byHp i.e ltxllp pt.ly lp ptm
nsm then

x p I y pm tpd

xty pn f pmn

p
p p

both denominator and numerator are not divisible by p

i Hxtyllp pts hence

HxtyHp Max Hallp Hyllp

If HXHp KyHp ptu leave as exercise



Given the claim we can define a metric on Q

dcx.gs HXyHp
Then from the claim we have

dex 27 E Max dex g day a A x y Z EQ

i e 11 24 E max HxHp HyHip

2

Exe let X be a complete metric space e.g X R

Let On CX be a sequence of open and dense subsetA
Prove that Non is still dense

n

TEx2hahy_i On still open and dense I

sketch let xE X be any point We need to showthat
is

He o Bak n Ion

Xi EO
Xr E O nOz

7,3
C Or nah 03

Xi Candy Xi converges to Z
is

show that Z E I On

EC X is dense if E X
t7 VXEX.US o BIDA E of




