
 

Metric space and Topology S set
5 d metric space d Sxs R

o d ix y dogx

doxy 70 0 0 iSfxy
Open subsets in S dcx.gs dig 3 da t

Det UC 5 is open if

PEU 7 8 0 sit Bscp C U

Bgcp open ball centered ut p radiusS

fest dcp S3

LB'sCp punctured open ball Bscp p
SIE

Def E C S is closed off E is open
i e

E C S is closed if VXIE 7 8 0 sit

Bslx ME of

Open Closed
Properties

S 0 are open S 0 are closed

arbitrary union of arbitrary intersection of
open subsets is open I closed subsets is closed

finite intersection of finite intounion of
open is open closed set is closed

Ex in IR Example of openset
a b s ca th C A a C p th R



C C

Exampleofclosed set
a BI a to C P a a R

Cantorset Io 0,11
I o JI U E 11
Iz o 41UEF 931 U E 923,0 I

Io I Iz

I h In intersection of closed sets is still closed

Det clojure Cet ECS be any subset We define

the closure E A F FCS closed set FOE

Cinterion Eo U U f U CS open UCE

PEE IS o Bscp CE

boundary 2E E EO

EI E a b E a BI E a b

SE a b same is true if E la.by g
BI

Def limit point Let ECS A point PE S is

a limit point of E if He 0 7 GEE

ftp.suchthddcp8 s E
El the set of tin points of E

EI E o I then I is a limit point E
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EI E th I n CIN I I I
E So

Prof E E U E C proof axs exercise

partof Ross
Prop13.9

Prof E C S is closed

If convergent sequence xn in S X limXu

if Xn are in E then the limit X is in E

TEI F 0,11 is not closed i the sequence f

L
has limit O htC F but o EE

PI Suppose E is closed and suppose there exist

Xn X with Xn C E X GE Then XE E

E is open hence IS o sit Bscx CEC i.e Bscx AE 0
This contradict with Xu 2 X and Xu EE

o.is

Suppose f Xu X Xn EE we have X EE

Suppose E is not closed ice Ec is not open

then I y EEC sit Its o Bscy Ea i.e

Bscg n E 0 Then we can construct a seq ya
by choosing Yu C Bialy AE Then



y g y
O day In Hence In Y

By hypothesis Y has to be in E
BID

This contradict with y E

compactsubsets in R

Compact subset a BI a BER

open weeny yet Ecs
9a3ompa

non compact

An open coven of E is a a IR

collection of open sets Ga ae a co 1

sit E Cs Q Ga

Def compact KCS is compact if for any
open coven of K we can find a finite subcover

Ee a K C S finitesubset
pf say K Xi XN Suppose we are given

an open cover Go A then X E K C YGa
then I Gacx sit Gus Z X Thus we can use

Gana U Gian U UGacx.us

is a finite subcover More precisely let
A aaa 2cm

then Ga deal is a finite subcover

Ee K I I I Ufo C IR is compar



PI Let Ga be an open coven of K
Then I Ga that OE Gao IS 70 sit

Bsco C Gao Thus Ga 3 th for all that
inkyThus there are only finitely many points not covered

by Gao Say it 8 then t n EN we let

Gan cover the point th then

Gq Gaz Gan Ga
is a finite subcover of K

Exa K I I is not compact

Pf for each new let Sn E min ht htt int th
then Bsnl'T n k Tn

Then K G
µ
Bsn ht there is no

proper subcover of Baits n

1 I0 3 z 1

Exe IR is non compact

IR U h I htt no finite subcover
NEH



Thnx KC IR
HeineBord K compact K is closed and

bounded

Pfs compact bounded Let KC Ssd

be a compact subset pick any point PES and
consider Bn p NEIN this covers S
hence also covers K

KC S Une BnCPD

Bycompactness of K there is a finite subcover

K C Bn 407 U Bnacp U O Bnmcp

say n Cmc chm their

K C Bnacp
Hence K is bounded f x y Ek

dcx.gg E dcx.pt dcy 2 nm

compact closedness K C Sd compact

To show K is closed we need to show HgCK
7 870 such that Bsly h K 0

Un EN Un GE SI deg y ht BID

Un Un E S l Ey K

sminanay sake
is
uncovered by an finitely

S



y
K C Un U Un U uUnm

menu

K C Unm

K n Bn y 4

Lemma i closed subset in a compact set
is compact i e if ECS closed

K CS compact and E CK then

F is also compact

PI let Ga be an open coven of E
then Ga vFE is an open coven of K
Hence K C Ee U Ga U V Gan

for some collection Xi aw taking Enc j onbothsides

E C Ga U OGan

n cells in IR are compact

an n cells is Iai b I X az.bz x x Anbid

for some ni ai bi I

p Suppose the n cell I is not compact then

7 an open career Ga that doesnt admit

any finite subcover



divide I in each direction by

I T get 2 parts lsmf.bg

then Ga is an open cover for any of them
claim there exist at least one of the small

n cell for which Ga doesn't admit a

finite subcover

let Is be one such bad n cells

I Io I J I2D Io
diam In IT diam Io

claim h In

p exercise

X E N In 7Ga open that covers x

Go cover In for n large enough

we have a contradiction that the open corner

Go of In doesn't admit a finite subcoven


